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ABSTRACT

For appropriately chosen weights, temporal averages in chaotic systems can be approximated as a weighted sum of averages over reference
states, such as unstable periodic orbits. Under strict assumptions, such as completeness of the orbit library, these weights can be formally
derived using periodic orbit theory. When these assumptions are violated, weights can be obtained empirically using a Markov partition of
the chaotic set. Here, we describe an alternative, data-driven approach to computing weights that allows for an accurate approximation of
temporal averages from a variety of reference states, including both periodic orbits and non-periodic trajectory segments embedded within the
chaotic set. For a broad class of observables, we demonstrate that the resulting reduced-order statistical description significantly outperforms
those based on periodic orbit theory or Markov models, achieving superior accuracy while requiring far fewer reference states—two critical
properties for applications to high-dimensional chaotic systems.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0264212

Chaotic systems, which arise in a myriad of natural and
engineered settings, challenge traditional methods of predicting
long-term behavior due to their sensitivity to initial conditions.
While periodic orbit theory provides a foundational framework
for approximating time-averaged observables in chaotic systems,
its reliance on complete sets of unstable periodic orbits (UPOs)
often limits its applicability in high-dimensional settings where
such complete sets may be very expensive or even impossible
to identify. This work introduces a data-driven, interpretable
approach leveraging reproducing kernel Hilbert space (RKHS)
interpolation, termed least squares weighting (LSW), to estimate
chaotic averages using arbitrary solution segments, including
non-periodic “snippets.” The LSW method achieves superior
accuracy and faster convergence compared to state-of-the-art
approaches such as periodic orbit theory, even with a limited
library of states. By expanding the toolkit for analyzing high-
dimensional chaos, our results open pathways for applications
in fluid dynamics, magnetohydrodynamics, optics, and beyond,
offering robust predictions in systems where traditional methods
falter.

I. INTRODUCTION

Deterministic chaos is pervasive in natural and engineered
systems, with turbulence in fluids,1 plasma,2 and nonlinear optics3

representing some well-known and practically important exam-
ples of high-dimensional chaotic systems. Despite being governed
by deterministic equations, chaotic systems can only be described
dynamically on short temporal intervals due to their inherent sensi-
tivity to initial conditions.4 Hence, on long time scales, one is forced
to resort to a statistical description, with a key objective of comput-
ing temporal averages of various physical observables. An illustrative
example of dynamical vs statistical descriptions of chaotic systems is
the prediction of weather vs the prediction of climate.

Here, we aim to predict the averages of physical observables,
a(x), defined as functions that map the instantaneous state of the
system, x ∈ M, to a real number. So long as the dynamics are
ergodic—a property many chaotic systems either have or may be
presumed to have in practice—Birkhoff’s ergodic theorem5 ensures
that temporal averages may be computed as the expectation value
over a Sinai–Ruelle–Bowen (SRB) measure µ,6–8

E[a] = lim
T→∞

1

T

∫ T

0

a(x(t)) dt (1)

≡
∫

X
a(x) dµ(x), (2)

for all a(x) that are µ-integrable. Here, X denotes an ergodic sub-
set of the state space M, and x(t) is a trajectory confined to, or

Chaos 35, 063133 (2025); doi: 10.1063/5.0264212 35, 063133-1

Published under an exclusive license by AIP Publishing

 1
6
 M

a
rc

h
 2

0
2
6
 0

3
:1

8
:4

5

https://pubs.aip.org/aip/cha
https://doi.org/10.1063/5.0264212
https://doi.org/10.1063/5.0264212
https://pubs.aip.org/aip/cha/action/showCitFormats?type=show&doi=10.1063/5.0264212
http://crossmark.crossref.org/dialog/?doi=10.1063/5.0264212&domain=pdf&date_stamp=2025-06-18
https://orcid.org/0000-0002-0208-2439
https://orcid.org/0000-0002-5043-3934
https://orcid.org/0009-0002-9947-1867
https://orcid.org/0000-0001-6220-4701
mailto:jpughesanford@gatech.edu
https://doi.org/10.1063/5.0264212


Chaos ARTICLE pubs.aip.org/aip/cha

approaching, X. Note that E[a] is invariant with respect to the
choice of x(0) ∈ X.

Evaluating E[ · ] exactly requires an infinitely long trajectory
x(t) that explores X or the knowledge of µ itself, either of which
is only available in highly exceptional cases.9 By necessity, E[ · ] is
commonly expressed as the average of a(x(t)) over a finite but suffi-
ciently long trajectory. In high-dimensional systems, this trajectory-
based full order model of E becomes exceedingly expensive and
cumbersome: for instance, a turbulent fluid flow on a relatively
small computational domain and over a relatively short time interval
requires hundreds of terabytes of storage.10

A more practical, and far more data-efficient, alternative is
to define a collection {µp}P

p=1
of measures supported on subsets

Sp ≡ supp µp ⊆ M such that

Ê[a] ≡
P

∑

p=1

wp Ep[a] u E[a] (3)

is a good approximation of E[a], where

Ep[a] =
∫

Sp

a(x)dµp(x) (4)

is the integral of a over µp, and wp are scalar weights. For finite P,
Eq. (3) provides a reduced order model for evaluating time averages
of the dynamics. When the weights {wp}P

p=1 are non-negative and

sum to one, Eq. (3) can be interpreted as a non-Gaussian mixture
model of a system’s stationary statistics. Various expansions of this
form have been proposed,11–13 with different choices of Sp, means for
computing wp, advantages and drawbacks.

Equation (3) can only be used to predict the averages of
observables for which E[a] and Ep[a] exist and are finite. It is
common to require that all measures are normalizable such that
0 < |E[1]|, |Ep[1]| < ∞. This condition ensures that E[a] and
Ep[a] are finite for all bounded observables, i.e., those satisfy-
ing sup

x∈M |a(x)| < ∞. Without loss of generality, it is further
assumed that all averages are normalized, E[1] = Ep[1] = 1.

Statistical reduced order models like Eq. (3) are particularly
well-suited for computing the averages that depend on hyper-
parameters. Examples include the γ -norm of the state vector,

aγ (x) =
(
∑

i x
γ

i

)−γ
, the variance of the flow about a reference state,

aγ (x) = (x − γ )>(x − γ ), or even the Fourier transform of the SRB
measure, aγ (x) = eiγ ·x. The nonlinear dependence of aγ on γ ren-
ders direct computation of the averages of such an observable over a
range of γ very expensive. Traditionally, the hyper-parameter space
must be discretized, and an infinite-time average E[aγ ] computed
for each γ on a grid. Equation (3) allows for, at every grid point,
the expensive average over the chaotic trajectory to be replaced with
inexpensive averages over reference states. For fine discretizations of
γ , this can result in massive speedup.

A particularly desirable choice for the subsets Sp is the unsta-
ble periodic orbits (UPOs).14–16 Periodic orbits are special, repeating
solutions of a dynamical system satisfying xp(t) = xp(t + Tp), where
Tp is the period of motion. Due to periodicity, averages over UPOs

can be computed exactly in finite time,

Ep[a] = 1

Tp

∫ Tp

0

a(xp(t)) dt, (5)

allowing the infinite-time average present in Eq. (3) to be replaced
with a collection of finite time averages.

This choice, which is the basis of the periodic orbit theory
(POT), leverages the fact that periodic orbits are dense in the closure
of the ergodic set of Axiom A systems.17,18 In particular, for Axiom
A systems, it can be proven that Eq. (3) converges to equality for
smooth observables12 in the limit P → ∞. Moreover, the weights wp

may be computed analytically in terms of the stability properties of
the UPOs.19 A straightforward generalization of POT exists for sys-
tems with continuous symmetries, where UPOs become relative;20

we will refer to both types of solutions as simply UPOs.
Periodic orbits often exemplify the same spatiotemporal fea-

tures as the chaotic flow itself21–24 and are considered to form
a dynamical skeleton of X.25–28 Hence, when periodic orbits are
known, they generate a remarkably computationally efficient and
interpretable representation of the chaotic averages, particularly in
high dimensions. For this reason, practitioners have sought, and
struggled, to apply POT to high-dimensional chaotic flows for more
than two decades.12,29–33

It is notoriously difficult to compute a sufficiently comprehen-
sive collection of periodic orbits in high dimensions.30 For instance,
in turbulent fluid flows, the number of known periodic orbits rarely
exceeds a few tens.25,26,30,31,34,35 Furthermore, the orbits that are dis-
covered tend to sample the chaotic set poorly, a limitation that only
state-of-the-art methods have begun to address.32

Also, the convergence of POT relies critically on the existence
of a symbolic dynamics. Symbolic dynamics is a mathematical frame-
work that simplifies the description of a system by partitioning its
state space into distinct regions and representing trajectories by the
sequence of regions they visit.36 In ergodic systems, this partition is
meticulously constructed to reflect the underlying topology of the
chaotic set. For periodic orbits, which repeat in time, their symbolic
sequences are likewise periodic, with the symbol length defined as
the number of symbols before the sequence repeats. A library of
orbits is said to be complete up to symbol length L if it includes—and
only includes—all periodic orbits with symbol length l < L. POT
is proven to converge exponentially fast for successively complete
libraries, in the limit L → ∞. However, POT is only as accurate as
the shortest orbit truncated from the expansion; if a short orbit is
missed, adding more orbits only negligibly improves the accuracy of
the method.37

It is important to note that most systems of practical impor-
tance do not admit or do not have known symbolic dynamics,
rendering it impossible to tell when a library is complete and fur-
ther complicating the usage of POT. Stability ordering—an exten-
sion of POT to incomplete libraries and systems without symbolic
dynamics—has been proposed (see Ch. 23.7 of Ref. 12). However,
this is an active area of research and the expected accuracy of
stability ordering has not yet been established. These issues, collec-
tively, have prevented POT from producing accurate predictions in
high-dimensional systems.30
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A popular alternative to POT is Ulam’s method,11,38 which
typically partitions a compact set enclosing X into disjoint sub-
sets {Sp}P

p=1
, each imbued with a uniform measure. This approach

is proven to approximate averages over any absolutely continuous
measure in the limit that the size of the subsets becomes vanishingly
small. However, this method also struggles in applications to high-
dimensional flows. Even for a moderate number of dimensions,
Ulam’s method quickly becomes intractable due to the proliferation
of sets and difficulty associated with integrating over the uniform
measure in d dimensions. Some studies are attempting to address
these issues with novel clustering methods.13

Lacking many prerequisites for a working periodic orbit theory,
practitioners working in high-dimensional systems have pursued
a periodic orbit decomposition of chaotic averages in which—in
lieu of the POT weights—wp are computed from a Markov pro-
cess defined on the Voronoi volumes about each UPO.32,33 Empir-
ically, Markov-based approaches achieve moderate accuracy on the
order of a few percent. However, the Markov-based approach lacks
theoretical guarantees regarding the types of observables that can
be accurately predicted using small sets of UPOs and whether it
converges in the limit P → ∞.

In this letter, we introduce an interpretable data-driven
approach to determining optimal weights for a finite, and possi-
bly quite small, library of measures {µp}P

p=1
. It utilizes Kriging,39 a

method that leverages a Reproducing Kernel Hilbert Space (RKHS)
to perform interpolation and regression on abstract data. Kriging
is known for its accuracy in applications to high-dimensional data
sets.40–42 The method enables averages over a target measure µ to
be estimated from any choice of reference measures {µp}P

p=1
. It also

provides rigorous claims as to which observables averages can be
computed with zero error. The proposed method finds multiple dis-
tributions of weights that are more accurate and converge more
rapidly in P than both POT and Markov models.

II. THE METHOD

The method being proposed here is quite simple. To illus-
trate it, we begin with a tutorial before presenting a more rigorous
derivation.

A. Tutorial

Suppose that P = 2 and that Sp = {xp(t) | 0 ≤ t < Tp} where
p = 1, 2 are sets associated with periodic orbits. Then, Eq. (3)
reduces to

E[a] u w1E1[a] + w2E2[a]. (6)

The above equation is linear, with two unknowns w1 and w2. By eval-
uating Eq. (6) on two or more test observables, we may solve for the
weights using the method of least squares.

For instance, suppose that a1(x) and a2(x) are observables
of particular interest. Then, weights that best predict the chaotic
averages of a1 and a1 from averages over orbits 1 and 2 will approx-
imately satisfy Eq. (6) for both a1 and a2,

(

E[a1]
E[a2]

)

≈
(

E1[a1] E2[a1]
E1[a2] E2[a2]

)(

w1

w2

)

. (7)

A least squares solution
(

w1

w2

)

=
(

E1[a1] E2[a1]
E1[a2] E2[a2]

)† (

E[a1]
E[a2]

)

(8)

always exists, where [ · ]† indicates a pseudo-inverse. Solving Eq. (7)
when the matrix is non-invertible is further discussed in Sec. IV.

As written, the weights given in Eq. (8) are heavily biased
towards predicting well the averages of a1 and a2. They may pre-
dict other observables’ averages arbitrarily poorly. To avoid biasing
the least squares solution toward any particular physical observable,
consider instead a spatially localized observable, such as a Gaussian
kernel

Gθ (x, y) = exp

[

−|y − x|2
2θ

]

, (9)

with variance θ and mean y. Evaluating Eq. (6) on Gθ , it follows that

f(y) u w1f1(y) + w2f2(y), (10)

where

f(y) = E[Gθ ( · , y)] (11)

=
∫

M
Gθ (x, y)dµ(x) (12)

= lim
T→∞

1

T

∫ T

0

Gθ (x(t), y)dt (13)

is a function related to the probability that the chaotic trajectory
visits the θ-neighborhood of y, and

fp(y) = Ep[Gθ ( · , y)] (14)

=
∫

Sp

Gθ (x, y)dµp(x) (15)

= 1

Tp

∫ Tp

0

Gθ (xp(t), y)dt (16)

is a function related to the probability that orbit p visits the
θ-neighborhood of y. In the limit that θ becomes small, f(x) limits
to—up to normalization—the probability that a randomly sampled
chaotic state is x. Indeed, θ plays a regularizing role quite similar
to that of noise; it has been shown previously that—in the presence
of noise—this probability can be expanded as a linear sum of Gaus-
sians supported on periodic points in the chaotic set.43 Equation (10)
expresses a similar idea. Examples of f(x) and fp(x) are illustrated in
Fig. 1 for the Lorenz 1963 system4 with canonical parameter values
σ = 10, ρ = 28, and β = 8/3; Lorenz is a reduced order model for
atmospheric convection and a prototypical example of deterministic
chaos.

Since all choices of y ∈ M constrain the weights, Eq. (10) repre-
sents an over-constrained system of equations for weights w1 and w2.
It can also be solved using the method of least squares. The resulting
optimal weights are as follows:

(

w1

w2

)

=
(

〈 f1, f1〉 〈 f1, f2〉
〈 f2, f1〉 〈 f2, f2〉

)† (

〈 f1, f〉
〈 f2, f〉

)

, (17)

where

〈f, g〉 =
∫

M
f(x)g(x)dx (18)
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FIG. 1. An illustration of (a) periodic orbit density fp(x) and (b) chaotic orbit density f(x) over the Lorenz 1963 dynamics using a Gaussian kernel with unit variance. In each,
the trajectory that generates the data is shown in red. Darker colors indicate larger values of f . Red arrows illustrate that the chaotic trajectory extends infinitely in both
directions, without repeating. (c) A histogram of all states visited by a long chaotic trajectory, color indicated the probability that a bin is visited by the chaotic trajectory. Darker
bins are visited more often. In all panels, the function (or histogram) is averaged over y for plotting purposes.

is an inner product on M.
Integration over a state space—as required by Eq. (18)—is

likely numerically intractable. However, a well-chosen kernel will
allow the integral over M to be taken analytically. Notice that for
a Gaussian kernel in M = R

d, only integrals over orbits p and q are
required,

〈fp, fq〉 =
∫

M
fp(x)fq(x) dx (19)

=
∫

Sp

dµp(y)

∫

Sq

dµq(z)

∫

M
Gθ (y, x)Gθ (x, z) dx

= (πθ)d/2

∫

Sp

dµp(y)

∫

Sq

dµq(z) G2θ (y, z) (20)

= (πθ)d/2

TpTq

∫ Tp

0

∫ Tq

0

G2θ (xp(t), xq(τ ))dtdτ . (21)

Hence, these inner products can be computed as averages over
orbits, which are computationally inexpensive.

Unlike the weights given in Eq. (8), the solution provided in
Eq. (17) is unbiased toward any physical observable. Rather, these
weights optimize the global reconstruction of f(x) from functions
fp(x).

In Sec. II B, we re-derive the method for an arbitrary kernel
function observable and define the subspace of observables A whose
averages are predicted by the method with zero error.

B. General approach

Consider a smooth, bounded kernel function k(x, y) ∈ L2

(M × M) satisfying
∫

M
k(x, z)k(z, y) dz = k2(x, y), (22)

where k2 is an arbitrary induced kernel function. A particularly con-
venient choice of k is k(x, y) = kθ (‖x − y‖), where kθ is part of
a parametric family of functions closed under convolution. Both
Gaussian and Cauchy distributions are of this type. In fact, all sta-
ble distributions are of this type. Because k is smooth and bounded,
so is k2, and both are guaranteed to be µ- and µp-integrable. This
allows us to define the correlation between arbitrary normalizable
measures µ′ and µ′′ (supported on sets S′, S′′ ⊂ M) as

K(µ′, µ′′) ≡
∫

M
Eµ′

[

k( · , z)
]

Eµ′′
[

k( · , z)
]

dz

=
∫

S′
dµ′(x)

∫

S′′
dµ′′(y) k2(x, y). (23)

Intuitively, one can think of K(µ′, µ′′) as an inner product of mea-
sures µ′ and µ′′. Indeed, when k is a Gaussian kernel function,
K(µp, µq) = 〈fp, fq〉 is the inner product from Eq. (20).

Let us associate a unique observable ap(x) with each orbit
measure µp by defining

ap(x) ≡
∫

Sp

dµp(y) k2(y, x). (24)

Let A = span (a1(x), . . . , aP(x)) be the span of these functions. For
any observable a ∈ A, i.e.,

a(x) =
P

∑

p=1

cpap(x), (25)

using Eq. (23) we find that

∫

dµ′(x) a(x) =
∑

p

cpK(µp, µ
′). (26)
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Evaluating Eq. (26) at µ′ = µq for q = 1, . . . , P, we find

P
∑

p=1

cpApq = Eq[a], (27)

where Apq = K(µp, µq).
Define weights wp as the solution to the system

P
∑

q=1

Apqwq = E[ap]. (28)

Then, averaging both sides of Eq. (25) over the SRB measure, it
follows that

E[a] =
P

∑

p=1

cpE[ap] =
P

∑

q=1

wqEq[a] = Ê[a], (29)

where the equality between E[a] and Ê[a] is exact, rather than
approximate, for all a ∈ A.

Hence, Eq. (28) recasts computing optimal weights as solving

a simple linear system of the form AEw = Eb, where bp = E[ap] is a

vector of P time averages. We call Ê[a] with the weights given by
Eq. (28) a least squares weighted (LSW) estimate of E[a].

For observables a /∈ A, using the least squares weights to com-

pute Ê[a] may not yield an exact value for E[a]. However, the error
can remain quite small for observables outside A. For instance, since
the observables in A are smooth functions of the state x (as a conse-
quence of smoothness of the kernel), one can assume that low error
can be similarly achieved for smooth observables. We indeed find
this to be the case, as evidenced in Sec. III.

III. RESULTS

We compare the accuracy of different approaches using the
Lorenz 1963 system. Lorenz admits a symbolic dynamics, making
it an ideal testbed in which to compare LSW against POT. For an
introduction to symbolic dynamics in Lorenz, we point the reader
to Viswanath.44 In this system, an orbit’s symbol length is equal
to the number of times it winds around the left and right sides of
chaotic set, before repeating; see Fig. 1(a) for an example of a UPO
with symbol length l = 6. We will use the P ≤ 125 UPOs of the
shortest symbol length from a collection of more than a thousand
found by Viswanath.44,45 To ensure a fair and rigorous comparison
between LSW and POT, we compute POT weights exclusively for
complete libraries of symbol length l = 2, . . . , 9. The sizes of these
complete libraries are P = 1, 3, 6, 12, 21, 39, 69, and 125, respectively.
As previously stated, we are particularly interested in computing
averages when P is small, which will be the most realistic regime in
applications to higher dimensional chaotic systems.

In addition to computing averages for periodic orbits, we will
also consider a collection of short, finite-time intervals sampled
from chaotic trajectory (which we call “snippets”). Computing peri-
odic orbits requires expensive numerical solvers. For instance, even
for a strongly confined Taylor–Couette flow at moderate Reynolds
numbers, it takes tens of hours to converge a single relative peri-
odic orbit on a typical workstation.26 In contrast, sampling snippets
from numerical integration is trivial; even computing snippets that

are almost-periodic from auto-recurrence is comparatively inexpen-
sive. Snippets allow us to explore the applicability of a LSW estimate
to systems for which no, or too few, UPOs are available.

To generate snippets, we compute a chaotic trajectory that

explores X for
∑125

p=1 Tp time units and, for simplicity, divide it uni-

formly into 125 snippets of equal duration. In this way, the total
length of all the UPOs and all snippets considered is the same. We
do not ensure that the snippets are well-distributed on the attrac-
tor or enforce upon the collection of snippets any symmetries of the
governing equations.

We use a Gaussian kernel function k = Gθ , as introduced in
the tutorial. For θ too large or too small, the correlation matrix A
reduces to a matrix of all ones or to a diagonal matrix, respectively;
in the former limit, the matrix A becomes entirely singular and, in
the latter, the LSW weights limit to Markovian-like weights defined
on sets Sp (that is, wp → E

[

I(x, Sp)
]

, where I(x, Sp) is an indica-
tor function equal to unity when x ∈ Sp and zero otherwise). Both
extremes wash away the rich correlations between measures µp. We
use θ = 102 which, consistently, across both UPOs and snippets, is
roughly equidistant—in terms of the Frobenius norm—from either
extreme, as illustrated in Fig. 2. For reference, the corresponding

value of
√

θ is of order
√

2β(ρ − 1) = 12, which sets the size of the
attractor. There are examples of more complex choices of θ in the
literature; for instance, Lippolis and Cvitanović46 define a spatially
varying Gaussian kernel width, proportional to the local response of
a dynamics to noise. Here, we find a global choice of θ based on the
Frobenius distance to be simple yet efficient.

For any fixed θ , A is likely to become increasingly singular
as P increases, due to increasing overlap between the functions ap.
To penalize marginal modes from appearing in the solution weights,
we solve Eq. (28) using Tikhonov regularization,

(A + αI) Ew = Eb, (30)

FIG. 2. The Frobenius distance between A and the matrix of all ones (blue, dotted
line, o’s) or the identity matrix (orange, solid line, x’s) for P = 30. Lines (symbols)
correspond to matrices A computed using UPOs (snippets). Black line indicates
the value of θ = 102 used in Fig. 3 and Table I.
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with α = 10−10. The marginal modes of A are discussed further in
Sec. IV.

We compute the elements of matrix A and Eb using the formulas

Apq =
∫ Tp

0

dt

Tp

∫ Tq

0

dτ

Tq

exp

[

−‖xp(t) − xq(τ )‖2

4θ

]

, (31)

bq = lim
T→∞

∫ T

0

dt

T

∫ Tq

0

dτ

Tq

exp

[

−‖x(t) − xq(τ )‖2

4θ

]

, (32)

The largest computational cost associated with this method is the

evaluation of the averages in Eb. However, these averages are inde-
pendent and can be computed in parallel (across orbits and in
time) quite quickly, once and for all, no matter how many different
averages we might need to estimate later.

We cross-validate the accuracy of LSW on a set of observables
not in A, namely, B =

{

1, x, y, z, x2, xy, xz, y2, yz, z2
}

. All second
order polynomials, including observables like ẋ, lie in the span of
the elements of B. We define the relative error

Erel(a) =

∣

∣

∣
E[a] − Ê[a]

∣

∣

∣

√
var(a)

(33)

and maximal error

Emax = max
b∈B

Erel(b), (34)

where the variance, var(a), sets a natural scale for deviations from
E[a]. For observables with zero variance, we set var(a) ≡ 1.

Additionally, we use LSW to estimate global properties of the
chaotic set. In particular, it is possible to construct estimates of the
Lyapunov exponents, λi, from weighted averages over orbits (see
Appendix B). When sufficiently many Lyapunov exponents of a
system are known (or estimated), one can also compute (or esti-
mate) the Kaplan–Yorke dimension, dKY, of the chaotic set (see
Appendix B). Since these quantities do not have a well-defined vari-
ance over the chaotic set, we simply report the absolute error of their
estimates.

We compare the accuracy of the proposed approach against
three alternatives. The first one is POT, which has been applied to
Lorenz previously and shown to provide accurate estimates of aver-
ages for a variety of observables.14 The second is a Markov weighting.
Lastly, we consider a uniform weighting, where wp = 1/P. Uniform
weighting is the simplest option which has been used previously as
a baseline with which to compare other weighting schemes.30 While
POT can only be applied to UPOs, all other methods can be applied
to snippets as well.

There are four parameters that can impact the weights. There is
(i) the cardinality of the library, P, as well as (ii) the choice of which
P measures are used. To explore this, we randomly permute the
entire collection of 125 measures (orbits or snippets) R − 1 = 255
different times, labeling these libraries {Lr}R=256

r=2 ; we retain L1 as an
un-permuted library, in which UPOs are ordered by increasing sym-
bol length. This results in R = 256 libraries total. At each value of P,
weights are computed using the first P measures of Lr, for each r.
The LSW and Markov weights, which are computed from chaotic
data, can also depend on how that data are collected. Namely,
(iii) where the chaotic trajectory is initialized and (iv) how long

the chaotic trajectory is or, more specifically, how many snapshots
from the chaotic trajectory are used. To explore this, we compute

256 different chaotic trajectories, {x(s)(n1t)}256

s=1, where 1t = 2 and
n = 1, . . . , 106. Each chaotic sample is randomly initialized at time
t = −25. This random initial condition is then integrated to time
t = 0 and only data with t > 0 are retained. This ensures all tra-
jectories are randomly initialized at time t = 0 within the chaotic
set. Averages required for calculating the LSW or Markov weights
are then calculated, for each s, using only the first N samples of the
chaotic trajectory. Specifically, the LSW weights are computed via
Eq. (28) with

E[ap] ≈ 1

N

N
∑

n=1

ap

(

x(s)(n1t)
)

. (35)

Similarly, the Markov weights are computed as

wp = E
[

I(x, Vp)
]

≈ 1

N

N
∑

n=1

I
(

x(s)(n1t), Vp

)

, (36)

where the Voronoi volume Vp is defined as the collection of points
x ∈ M closer to subset Sp than any other subset,

Vp =
{

x ∈ M | arg min
q∈Lr

min
y∈Sq

‖x − y‖ = p

}

, (37)

and I is the previously mentioned indicator function. Hence, for
Markov weights, wp is simply the fraction of time x(t) is closer to
subset Sp than any other subset. Sampling over P, r, s, and N allows
us to eliminate most of the bias and to quantify the uncertainty in the
error associated with each of the four weighting schemes. Of these
four degrees of freedom, the uniform weighting scheme will vary
only with P and r, since it does not require chaotic data. Similarly,
POT weights will vary only with P, as they are only computed for
complete libraries (i.e., r = 1 for specific P).

Table I summarizes Erel for each method and each observable
in B at a representative choice of P and N. Table I also lists the abso-
lute error associated with estimating λ1, λ3, and dKY (the value of
λ2 is predicted with zero error by all weighting schemes). We find
that, excluding errors that are identically zero, the two most accu-
rate estimators of chaotic averages, across all observables, are the
LSW estimators over UPOs and snippets. The LSW estimator over
orbits almost always outperforms the estimator over snippets and
consistently outperforms competing methods by nearly an order of
magnitude.

For a number of observables, the error associated with POT
is identically zero. This is because the Lorenz attractor is invari-
ant under the transformation (x, y, z) 7→ (−x, −y, z). As a result,
the infinite time average of any monomial that is odd in x or y is
zero, e.g., E[x] = E[y] = E[xz] = E[yz] = 0. For every orbit p of
the Lorenz system, there exists a corresponding orbit q such that
(xp(t), yp(t), zp(t)) = (−xq(t), −yq(t), zq(t)). Since these orbits must
have identical stability properties, POT will assign them the same
weight, wp = wq. Yet, they will produce equal but opposite time
averages of any monomial that is odd in x or y, Ep[a] = −Eq[a].
Since p and q must have the same symbol length, every complete
library is guaranteed to contain both orbits and their contributions
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TABLE I. The median value of log10(Erel) over s and r for each weighting scheme

and each observable in B at P= 21 and N= 106. POT is only evaluated at r = 1.

The last three rows report log10 the absolute error of predicting Lyapunov exponents

and Kaplan–Yorke dimension from periodic orbits. Column headers are color-coded

to match Fig. 3.

Orbits Snippets

POT Uniform Markov LSW Uniform Markov LSW

1 −∞ −∞ −∞ −3.9 −∞ −∞ −4.4
x −∞ −1.4 −1.7 −3.2 −1.2 −1.6 −3.1
y −∞ −1.4 −1.7 −3.3 −1.3 −1.6 −3.1
z −1.7 −1.8 −2.0 −3.5 −2.1 −2.2 −3.3
x2 −2.2 −2.3 −2.5 −4.0 −2.4 −2.4 −3.3
xy −2.3 −2.3 −2.6 −4.0 −2.4 −2.4 −3.2
xz −∞ −1.4 −1.7 −3.3 −1.3 −1.6 −3.1
y2 −2.1 −2.2 −2.4 −4.0 −2.4 −2.4 −3.2
yz −∞ −1.4 −1.7 −3.3 −1.3 −1.6 −3.1
z2 −1.9 −2.0 −2.3 −3.7 −2.3 −2.3 −3.3

λ1 −1.5 −1.6 −1.9 −3.1
λ3 −1.5 −1.6 −1.9 −2.7
dKY −2.7 −2.8 −3.1 −4.3

must cancel, wpEp[a] + wqEq[a] = 0. As a result, the POT weight-
ing also predicts a zero infinite time average for any monomial that
is odd in x or y. It is important to note that this property of POT
is incredibly sensitive to the library being complete. If a single orbit
is missed or an extraneous orbit included, this property no longer
holds.

For a = 1, the errors associated with all non-LSW weight-
ings are identically zero. This is because each of these methods

returns normalized weights,
∑P

p=1 wp = 1, by construction; an accu-

rate prediction of a = 1 relies only on the weights being normalized,

1 = E[1] = ∑P
p=1 Ep[1]wp = ∑P

p=1 wp. In contrast, LSW solutions

are not constrained to be normalized. Yet, LSW discovers solutions
that are normalized to four significant digits, see Table I. Notably,
normalization of the LSW solution can be enforced to machine
precision, if desired, which we explore in Sec. IV.

Figure 3 shows the dependence of Emax on N and P. At fixed
N, Emax decreases more rapidly in P for the LSW estimate than for
any other method, see Figs. 3(b) and 3(d); this is the case for both
orbits and snippets. For N = 106, the LSW estimate is often an order
of magnitude more accurate than the other methods. Most impor-
tantly, LSW weights yield an accurate estimate for all considered
observables from as few as 20 orbits or snippets. This corresponds to
accurately reproducing averages computed directly via Eq. (35) over
T = 256 × N1t = O(109) time units worth of chaotic data using
only T = O(102) time units worth of orbit or snippet data.

As illustrated by Figs. 3(a) and 3(c), the error associated with
the LSW estimate scales as Emax ∼ N−1/2 for sufficiently low N and
high P. This is most likely due to the accuracy of approximating
E[ap] via Eq. (35) determined by the central limit theorem. The
Markov error also scales like Emax ∼ N−1/2 and often slightly outper-
forms the LSW estimate, when N < 103. As N increases above 103,

the Markov estimator converges to about 1% error. Hence, when
chaotic data are very sparse, it seems well-motivated to use a Markov
estimator of infinite-time averages. When more data are available,
LSW provides noticeably more accurate estimates.

To the authors’ knowledge, the convergence rates of the
Markov, Uniform, and POT methods have not been directly com-
pared in prior studies. Surprisingly, our results show that, for the
range of P considered here, POT does not yield meaningfully better
estimates than the empirical approaches. The convergence rates, in
the number of orbits/snippets, of all non-LSW orbit expansions are
largely comparable. Moreover, the error of Markov weights appears
to converge faster than that of POT for moderate values of P consid-
ered here. When applied to snippets, Markov weights consistently
outperform uniform weights; both weighting schemes appear to
asymptote at large values of P.

A notable advantage of POT remains that its errors do not
plateau as a function of P; unlike the error of empirical approaches,
the error of POT is proven to converge to zero as the library of
orbits used becomes increasingly large and complete. On the other
hand, the LSW method is able to provide an estimate of its asymp-
totic accuracy, Emax ∼ N−1/2, a capability absent in both Markov
and uniform weightings. For Markov weighting, it is the variance
of the weights which scales like N−1/2, rather than the accuracy of
the estimate.

IV. UNIQUENESS OF LEAST SQUARES WEIGHTS

The linear Eq. (28) has a unique solution when the matrix A
is non-singular, e.g., in the limit θ → 0. Convolution with a Gaus-
sian kernel is a smoothing operation that introduces increasingly
many marginal directions into A as θ , the smoothing parameter, is
increased. In the limit θ → ∞, Eq. (10) limits to a single normaliza-
tion constraint, 1 = ∑

p wp, that is independent of y; in this limit,

the weights become severely under-constrained. Hence, Eq. (28)
generally admits multiple solutions.

Marginal modes that are introduced at finite values of θ are
rather interesting. Each marginal mode of A approximately satis-
fies

∑

p wp = 0 and so generates a splitting of the set of orbits into

two subsets, one with positive weights P = {p|wp > 0} and another
with negative weights N = {p|wp < 0}. The orbits in P and N cover
approximately the same regions of state space

∑

p∈P

wpfp(x) ≈
∑

n∈N

wnfn(x). (38)

When either N or P have only one member, this sole orbit must
be a long orbit that shadows all short orbits in the other set. Hence,
marginal modes can shed light on how orbits shadow each other
within a chaotic system. Given that UPOs have been shown to
shadow each other also in fluid flows,28 we expect such marginal
modes to exist in applications to higher-dimensional systems as well.

When weights are both positive (wp ≥ 0, for all p) and normal-

ized
(
∑

p wp = 1
)

, each wp is interpretable as the probability that

a randomly sampled chaotic state is well-approximated by a state
from orbit p, and Eq. (3) is interpretable as a mixture model. This
makes positivity and normalization enticing properties for weights
to satisfy. Normalization is required of any collection of weights that
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FIG. 3. The median (line) and interquartile range (shaded region) of the error Emax over s and r is plotted for orbits [panels (a) and (b)] and snippets [panels (c) and (d)].
In (a) and (c), P is fixed and N is varied. In (b) and (d), N is fixed and P is varied. Line style and color correspondence is as follows: LSW (solid, blue), Markov (dashed,
purple), and uniform (dot-dashed, yellow). The error of POT for complete libraries is overlaid as magenta diamonds. The scaling Emax ∼ N−1/2 is plotted as a solid black line.

accurately predict the time average of the constant observable. When
the sets {Sp} are non-overlapping, it follows that any weights satisfy-
ing Eq. (3) must also be positive. The SRB measure is a probability
measure, meaning that E[I(x, A)] ≥ 0 for any set A ⊂ M. Applying
Eq. (3) to the indicator function I(x, Sq), it follows that

P
∑

p=1

wpEp[I(x, Sq)] = wq = E[I(x, Sq)] ≥ 0 q = 1, . . . , P.

However, if the sets {Sp} are overlapping, then the optimal weights
can be negative, even when both µ and all µp are probability mea-
sures. As a simple example, consider expanding the uniform prob-
ability measure on a set of four points µ = {1/4, 1/4, 1/4, 1/4} in
terms of probability measures µ1 = {1/3, 1/3, 1/3, 0}, µ2 = {0, 1/3,
1/3, 1/3}, and µ3 = {0, 1/2, 1/2, 0}. It follows that

µ = 3

4
µ1 + 3

4
µ2 − 1

2
µ3,

where the weight associated with µ3 is negative.
Markov weights are normalized and positive by definition.

POT weights are guaranteed to be normalized; however, it is
unproven whether or not POT weights are positive. Empirically,

we find that POT weights are positive when computed on com-
plete libraries, but can produce negative weights when evaluated
on incomplete libraries. The Tikhonov-regularized solution used
in Sec. III does not enforce positivity or normalization and is not
guaranteed to produce weights that can be interpreted as probabil-
ities. As mentioned, we find that the solution found by Tikhonov
regularization happens to be normalized to nearly four significant
digits. Moreover, we observe that the Tikhonov-regularized solution
becomes increasingly positive (and remains approximately normal-
ized) as the regularization parameter α is increased. However, the

residual of the original least squares problem, ‖AEw − Eb‖, increases
with increasing α. The weights resulting from Tikhonov regulariza-
tion with α = 10−10 and P = 125 are plotted as a function of orbit
stability in Fig. 4(a).

Is it possible to constrain the LSW solution to be both positive
and normalized. That is, we may seek minima of the function

V = ‖AEw − Eb‖2
2

subject to wp ≥ 0,

P
∑

p=1

wp = 1.
(39)
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FIG. 4. A comparison of periodic orbits’ weights for different methods. The (a) unconstrained, (b) sparse, and (c) positive-normalized least square weighting solutions. POT
and Markov weights are shown for comparison in (d) and (e), respectively. In each panel (a)–(e), the weights {wp}125p=1 are plotted as a function of the orbit’s leading Floquet

exponent λ1
p. In (c), the dashed line shows a line of best fit. The error associated with each method is plotted as a function of P in (f), in the same style as Fig. 3, with lines

colored-coded to match the color of panels (a)–(e). Panels (g)–(k) show the redistribution of weight as P increases, as described in the text. For visualization purposes, the
weights are normalized ŵp = wp/max

P
q=1 |wq| at every fixed value of P.
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We do this two ways. First, we approximate a solution to Eq. (39)
using MATLAB’s built-in lsqnonneg function and normalizing
the output. The output of lsqnonneg happens to be normalized
to about four decimals places for all P, and the normalization we
apply afterwards does not greatly perturb the solution away from
a minimum of V. More importantly, as a consequence of MAT-
LAB’s implementation of lsqnonneg, these solutions are sparse,
see Fig. 4(b). We found this to be the most reliable way to find a
sparse solution.

We also use MATLAB’s built-in fmincon function to mini-
mize V directly. The solution found by fmincon does depend on
initial conditions. In particular, the weights resulting from mini-
mization using the initial condition wp = 1/P are plotted in Fig. 4(c).

It has been posited before that wp should be inversely propor-
tional to an orbit’s stability;30,47 intuitively, the more unstable an
orbit is compared to others, the less frequently it should be visited
by the chaotic trajectory, and the shorter the duration of each visit.
Interestingly, almost all weighting schemes (save the sparse one)
indicate that |wp| tends to decrease with an orbit’s leading Floquet
exponent λ1

p, although the dependence is generally nonmonotonic.

Surprisingly, the solution found by fmincon yields a simple linear
relationship between wp and λ1

p (rather than 1/λ1
p, as has been sug-

gested previously). Note that such linear relationship is only found
for complete libraries (e.g., P = 125).

To illustrate how weight gets redistributed among orbits as
orbits get added to the expansion, Fig. 4 also shows the distribu-
tion of {wp}P

p=1 as a function of increasing P (over library L1 and

N = 106). Panels (g)–(k) illustrate the unconstrained LSW, sparse
LSW, normalized and positive LSW, POT, and Markov weightings,
respectively. In each panel, color denotes the magnitude of wp for
all orbits p ≤ P included in the expansion, with red (blue) indicat-
ing the positive (negative) weight. Orbits p > P excluded at a given
value of P are grayed out. These plots illustrate that the distribu-
tions of weight, across all weighting methods, vary rather smoothly
as orbits get added to the expansion, with notable discontinuities
at values of P corresponding to complete libraries of different sym-
bolic lengths. The sparse LSW retains very particular orbits. Using
the standard labeling convention for symbolic dynamics,44 the sparse
solution prefers to retain orbit AB—the shortest orbit of the Lorenz
dynamics—along with highly asymmetric orbits of the form AnB and
BnA for integer n. Since POT can only be evaluated for complete
libraries, for every fixed value of P, Fig. 4(j) shows the weights for
the largest complete library of size less than or equal to P.

Perhaps the most surprising result of this study is that Eq. (3)
admits multiple, qualitatively distinct distributions of weights that
yield accurate estimates of time averages, even when P is small
[see Figs. 4(a)–4(c) and 4(f)]. To the authors’ knowledge, quanti-
tative evidence of this has not been presented in the literature thus
far. Most impressively, the sparse solution found by lsqnonneg
achieves comparable accuracy to the unconstrained LSW solution
and returns weights that may be interpreted as probabilities, while
never requiring more than four orbits in the expansion.

V. METHOD COMPARISON

There are currently three leading approaches to computing
solutions to Eq. (3), including the Markov weighting, POT, a

non-linear optimization approach based upon minimizing a Kull-
back–Leibler (KL) divergence48—which we did not compare to
here—that LSW can be compared with. It is important to under-
stand (i) the observables each of these methods aims to estimate and
(ii) each method’s computational cost.

Indeed, since Eq. (3) represents a reduced order model of

E[ · ]—one with only P degrees of freedom—Ê[ · ] cannot pos-
sibly predict every observable equally well. Each choice of weights
biases the model toward predicting certain observables exactly.
Equation (29) makes explicit the class of smooth observables tar-
geted by the LSW. Moreover, Table I indicates that targeting observ-
ables in A is a good prior for extrapolating the time averages over
other observables well. Figure 4(f) indicates that LSW continues to
extrapolate the time averages of observables outside A even when
the weights are made sparse.

The Markov weighting targets piecewise constant functions of
the form

a(x) =
P

∑

p=1

cpI(x, Sp), (40)

for arbitrary coefficients cp. To see this, notice that when {Sp}P
p=1

form a Markov partition, one can derive the Markov weights by
enforcing that Eq. (3) perfectly predicts the averages of each I(x, Sp),

E[I(x, Sq)] =
P

∑

p=1

wpEp[I(x, Sq)] = wq, (41)

since Ep[I(x, Sq)] = δpq. As a direct consequence, it follows for any
piecewise-constant a(x) that

E[a] =
P

∑

p=1

cpE[I(x, Sp)] =
P

∑

p=1

cpwp =
P

∑

p=1

wpEp[a]. (42)

Physical observables—such as the kinetic energy or dissipation rate
of fluid flows—are often continuous functions of x that lie out-
side the space of piecewise-constant functions targeted by Markov
weights. However, as P → ∞, these piecewise-constant functions
can approximate such observables increasingly well.

Although error bounds for predicting time averages of arbi-
trary smooth observables using POT have been established,12,49 it is
to the authors’ knowledge unknown which space of observables is
predicted exactly by a P-orbit POT expansion. At minimum, when
the library is complete, POT will predict with zero error time aver-
ages that vanish as a consequence of symmetries in the governing
equations (cf. Table I).

Redfern et al.48 compute weights based on the probability den-
sity function (PDF) of a single observable (such as energy dissipation
rate D for a fluid flow). A KL divergence-based approach aims to
match the PDF 0(D) computed over a chaotic trajectory to PDFs
0p(D) computed over P periodic orbits. If 0(D) is estimated by
∑P

p=1 wp0p(D) sufficiently well, one can evaluate an accurate aver-

age of any function of the observable D. However, this approach
has difficulty in extrapolating to averages of observables that can-
not be expressed as functions of D (such as energy E or energy input
I for fluid flows, cf. Table 1 in Ref. 48). Moreover, this extrapola-
tion error grows drastically as P decreases. By biasing all P degrees

Chaos 35, 063133 (2025); doi: 10.1063/5.0264212 35, 063133-10

Published under an exclusive license by AIP Publishing

 1
6
 M

a
rc

h
 2

0
2
6
 0

3
:1

8
:4

5

https://pubs.aip.org/aip/cha


Chaos ARTICLE pubs.aip.org/aip/cha

of freedom in the reduced order model to capture the fine details of
0(D), information about other observables is forgone. To combat
this, weights could be trained on multivariate PDFs, although this is
computationally costly, as discussed below.

Indeed, one must also consider the effort needed to compute
the weights. Suppose orbits (or, in the case of LSW, snippets) are
sampled discretely using, on average, n snapshots in time and the
chaotic trajectory is sampled using N snapshots in time. In d dimen-
sions, the computational cost of evaluating each Apq is then O(dn2).
Similarly, the computational cost associated with evaluating each bp

is O(dnN), and the computational cost of solving the linear system
is O(P3). Thus, the total computational cost of the LSW method is
O(dn(nP2 + NP) + P3). In the N � P limit considered here, the cost
scales as O(dnNP).

This cost may be compared to that of Markov partition-based
methods which scale like O(dNP) and are cheaper by a factor of
O(n).

The cost of the KL divergence-based method is hard to esti-
mate precisely since it is iterative. Assuming the cost of evaluating
a(x) is O(d), the cost of generating a single histogram over B bins
is O(dN), where N � B such that the histogram is well-resolved. If
the method were trained on k-dimensional histograms, in order to
ameliorate the extrapolation error, one requires N � Bk. Each iter-
ation of gradient descent will cost O(BkP). For a gradient descent
scheme requiring I iterations to converge, the total cost scales like
O(dN + IBkP). For low k, the cost O(dN) is cheaper than Markov-
based methods by a factor O(P). For high k, the cost O(IBkP)

becomes computationally prohibitive.
POT is also iterative, since it requires using a root-finding

scheme to determine the escape rate of the P orbits (see
Appendix A). A benefit of POT is that, in most Axiom A systems,
it is known a priori which orbits are embedded in the chaotic set.
As a result, the weights (and from them averages) can be computed
without ever computing a chaotic trajectory. Assuming a com-
plete library of UPOs with known stability spectra, the cost is just
O(IP log P), where I is the number of iterations required by the root-
finding method. In this idealized setting, POT does not scale with N,
providing it the lowest computational cost by a large margin. How-
ever, in practice, this conclusion is highly misleading. Generally, it
is very difficult to determine which periodic orbits are embedded in
the chaotic set; for instance, periodic orbits that are embedded in the
chaotic set at one value of parameters may not be at others.50 Hence,
in non-Axiom-A systems, POT also requires computing a chaotic
trajectory to identify the relevant periodic orbits, e.g., through shad-
owing analysis,26 making the cost of POT scale with N just like the
other empirical approaches. The exact complexity of the method will
depend on how the dynamical relevance of orbits is verified.

In summary, although more computationally expensive than its
alternatives, LSW generally yields estimates of time averages that are
at least an order of magnitude more accurate and yields a reduced
order model of E that extrapolates more accurately to non-targeted
observables. It is worth appreciating that the LSW estimator of E

appears to describe temporal averages over a broad class of observ-
ables with exceptional accuracy, even from a small number of UPOs
of snippets; in contrast to other methods, its accuracy is largely
insensitive to library sparsity, as illustrated by Figs. 3(b) and 3(d)
for P & 13.

VI. CONCLUSION

To summarize, we have derived a general method for perform-
ing least squares regression on linear relations of measures and used
it to construct an accurate approximation of infinite-time averages
for dynamical systems in terms of a weighted average over as few as
four periodic orbits or ten snippets of chaotic trajectory. Thus, the
approach introduced here works almost equally well whether or not
any periodic orbits are known.

The weights are given by a least squares solution to a linear sys-
tem of equations, and, unlike those predicted by period orbit theory,
are quite straightforward to compute. As demonstrated here, enforc-
ing constraints on the weights, such as positivity and normalization,
is also simple using off-the-shelf linear programming algorithms.

We have also identified the subspace of observables over which
the least squares weighting yields exact predictions. Even outside of
this subspace, the accuracy of the method tends to be an order of
magnitude better than state-of-the-art methods, and more quickly
convergent in the number of orbits or snippets used. When applied
to periodic orbits, the method can accurately estimate Lyapunov
exponents and Kaplan–Yorke dimension of the chaotic set. Sur-
prisingly, the method discovers multiple weightings that outperform
state-of-the-art methods.

Given that the least squares weighting is based on Kriging, it is
expected to scale quite well to high- and even infinite-dimensional
state spaces, such as those needed to describe fluid, plasma, or optical
turbulence, although this has yet to be verified. In such applications,
few if any periodic orbits are typically known, so the ability of our
approach to work when applied to few orbits and snippets of chaotic
trajectory makes it uniquely appealing.
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APPENDIX A: COMPUTING POT WEIGHTS

NUMERICALLY

The theoretical foundations of POT are summarized by
Cvitanović,16 and Chaosbook.org12 provides a detailed reference text
on the subject. Eckhardt and Ott14 applied POT to the Lorenz 1963
system. Here, we provide a short summary of the essential steps. The
following algorithm works best for systems with symbolic dynamics;
however, averages can still be computed from POT without one as
discussed in Ch. 23.7 of Ref. 12. Viswanath44 provides a good (and
visual) description of symbolic dynamics in the context of Lorenz.

Given a library of periodic orbits that contains all orbits up to
symbolic length n, the temporal average is approximated as

E[a] ≈ − ∂βFn(s, β)

∂sFn(s, β)

∣

∣

∣

∣ s=s0 ,
β=0

, (A1)

where Fn(s, β)—which will be defined below—is a function that
approximates a spectral determinant (see Ch. 22 of Ref. 12), and s0 is
the real zero of Fn, i.e., Fn(s0, 0) = 0. Equality is reached in Eq. (A1)
in the limit n → ∞. While POT does not define the weights wp

explicitly, they may be computed from Eq. (A1),

wp = −
∂Ep[a]∂βFn(s, β)

∂sFn(s, β)

∣

∣

∣

∣ s=s0 ,
β=0

. (A2)

While this definition appears to depend on the choice of observable,
this dependence vanishes at β = 0 [cf. Eq. (A8)].

The spectral determinant can be computed using the trace
coefficients (see Ch. 23.2.2 of Ref. 12),

Cj = −
∑

npr=j

1

r

e−rTp(s−β Ep[a])

|det
(

1 − (Mp)
r
)

| , (A3)

where the sum is over all prime orbits p such that j = rnp, where
r = 1, 2, . . . and np is the symbol length of orbit p. Notice that Cj

sums over all periodic orbits of length j and repeats of shorter orbits
which, when repeated r times, have symbol length j. Mp is the trans-
verse monodromy matrix (see Ch. 21.2.2 of Ref. 12) of orbit p, over
one period. For the Lorenz system, det(1 − (Mp)

r) ≈ 1 − erTpλp ,
where λp and Tp are the top Floquet exponent and period of orbit
p, respectively.

The spectral determinant is then

Fn(s, β) = 1 +
n

∑

j=1

Qj, (A4)

with the help of a recurrence relation

Qj = Cj +
j−1
∑

i=1

j − i

j
Cj−iQi, (A5)

where Q1 = C1. The partial derivatives of Fn are computed via the
chain rule with

∂sCj

∣

∣

∣

β=0
=

∑

npr=j

e−rTps

∣

∣1 − erTpλp
∣

∣

Tp, (A6)

∂βCj

∣

∣

∣

β=0
= −

∑

npr=j

e−rTps

∣

∣1 − erTpλp
∣

∣

TpEp[a], (A7)

∂Ep[a]∂βCj

∣

∣

∣

β=0
= −

∑

npr=j

e−rTps

∣

∣1 − erTpλp
∣

∣

Tp, (A8)

∂Ep[a]Cj

∣

∣

∣

β=0
= 0. (A9)

In Eq. (A8), note that p is fixed and the sum runs only over r. The
root s0 is found using Newton’s method by iterating the relation

s0 = s0 − Fn(s0, 0)

∂sFn(s0, 0)
, (A10)

until |Fn(s0, 0)| < ε using s0 = 0 as the initial guess. We use
ε = 10−8.

APPENDIX B: LYAPUNOV EXPONENTS AND

KAPLAN–YORKE DIMENSION

The Lyapunov exponents λ1 = 0.905 66(7), λ2 = 0, and
λ3 = −14.572 33(7) of the Lorenz 1963 system were computed by
Viswanath.52 These exponents are defined as the long-time lim-
its of the logarithms of the singular values of the Jacobian matrix
J(t) = ∂x(t)/∂x(0). Their values are independent of the initial con-
dition x(0) for almost all x(0) ∈ X, but may differ when x(0) lies
on a periodic orbit. The values reported above are those computed
over X.

Computing the singular values over an infinitely long trajectory
is numerically challenging. However, it has been argued that the real
parts of the logarithms of the eigenvalues of J(t) converge to the Lya-
punov exponents in the limit t → ∞.53 When x(0) lies on a periodic
orbit, these eigenvalue-based exponents—known as Floquet expo-
nents—are especially tractable, since they can be computed from the
finite-time monodromy matrix J(Tp).

This motivates estimating the ith Lyapunov exponent by a
weighted average Floquet exponent,

λ̂i ≡
P

∑

p=1

wpλ
i
p u λi, (B1)

where λi
p is the real part of the ith Floquet exponent for orbit p.

Indeed, for Axiom A systems, this expansion is known to converge
in the limit P → ∞.12,14 For the Lorenz model, this relation is also
trivially true for λ2, since all λ2

p are also zero as a consequence of

time-translation invariance.
The Kaplan–Yorke dimension of a chaotic set is defined as the

interpolated zero of the function ζ(d) = ∑d
i=1 λi17,54 and describes

the dimension of a subset S ⊂ M whose volume is preserved under
evolution. In the Lorenz model, this interpolated zero occurs at

dKY = 2 + λ1 + λ2

|λ3| = 2.062 149(5), (B2)
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where the numeric value of dKY (and its error) is propagated from
the values of λi reported above. This dimension can be estimated by

d̂KY = 2 + λ̂1 + λ̂2

|λ̂3|
. (B3)
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