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Abstract

Simulations of chaotic systems can only produce high-fidelity trajectories when the initial and boundary
conditions are well specified. When these conditions are unknown but measurements are available,
adjoint—variational state estimation can reconstruct a trajectory that is consistent with both the data and
the governing equations. A key open question is how many measurements are required for accurate
reconstruction, making the full system trajectory observable from sparse data. We establish observability
criteria for adjoint state estimation applied to the Kuramoto-Sivashinsky equation by linking its observability
to embedding theory for dissipative dynamical systems. For a system whose attractor lies on an inertial
manifold of dimension d (, we show that m > d,, measurements ensures local observability from an
arbitrarily good initial guess, and m > 2d 4 + 1 guarantees global observability and implies the only critical
point on M is the global minimum. We also analyze optimization-dynamic limitations that persist even
when these geometric conditions are met, including drift off the manifold, Hessian degeneracy, negative
curvature, and vanishing gradients. To address these issues, we introduce a robust reconstruction strategy
that combines non-convex Newton updates with a novel pseudo-projection step. Numerical simulations of
the Kuramoto-Sivashinsky equation validate our analysis and show practical limits of observability for
chaotic systems with low-dimensional inertial manifolds.

Keywords: data assimilation; adjoint state estimation; chaotic dynamics; embedding theory; Kuramoto—
Sivashinsky equation

1 Introduction

Chaotic dynamics arise across natural settings and technological systems: emerging in the whorls of
turbulent fluid flow at high Reynolds numbers, in the fiery coupling of heat release and acoustic resonance
that drives combustion instability, in the tremor of flexible wings at the precipice of flutter, in the jitter
of micro-electromechanical resonators, and in the fluctuating frequencies of power grids. Although these
systems differ in size and setting, they share a common character: nonlinear interactions that span many
scales, a marked sensitivity to initial and boundary conditions, and aperiodic long-time dynamics. And yet,
for all their apparent unruliness, the governing equations of many chaotic systems are well established, and
modern numerical solvers can accurately integrate these systems forward in time from a prescribed starting
point. Indeed, where computational resources suffice, scale-resolving simulations, such as direct numerical
simulations of turbulent fluid flow, can map out dynamical structures. Such simulations reveal mechanisms
of instability [1] and energy transfer [2, 3], they trace out the pathways through which disturbances amplify
or decay, and they capture coherent structures [4, 5], along with low-dimensional manifolds that organize
long-time behavior. Fully resolved states from high-fidelity simulations also furnish the data from which
reduced-order models are extracted [6, 7] and from which closures for filtered simulations are calibrated
[8, 9], thereby extending our predictive capability into regimes pertinent to engineering design and control.

Unfortunately, accurately simulating chaos comes at a steep computational cost. Direct simulations at
device-relevant scales are often prohibitively expensive [10, 11], and reduced-order or closure models require
calibration with data that may not exist in practical regimes. One compromise is to restrict simulations to
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smaller subdomains [12], for example, resolving a shock wave-boundary layer interaction on a test article
without modeling the entire wind tunnel environment. Although less expensive, such computations are
strongly influenced by uncertain and usually unsteady inflow and outflow conditions, heat fluxes, material
responses, and so forth. Experimental measurements, by contrast, provide access to the true dynamics
of chaotic systems, free from assumptions and compute limitations, but the data are most often sparse,
noisy, and indirect, whether they be from line-of-sight integrated schlieren or chemiluminescence images,
pointwise thermocouples, pressure transducers, or hot-wire rakes, etc. Fortunately, data assimilation (DA)
can blend partial observations like these with a system’s governing equations, using a numerical solver
to produce high-fidelity trajectories that are anchored to real data [13-17]. In this paper, we focus on state
estimation, where the goal is to reconstruct the full system evolution within an observation window (not
necessarily to forecast future behavior). With this approach, DA can deliver accurate and dynamically
consistent approximations of chaos in regimes where direct simulation is hindered by uncertain initial
conditions, boundary conditions, or system parameters.

This perspective brings us to a central question: under what circumstances do available measurements
provide enough information to permit accurate reconstruction of a chaotic trajectory in state space? In other
words, when is the system observable via state estimation? For our purposes—distinct from the classical
controls perspective—a system must satisfy two criteria to be observable. (1) The data uniquely determine
the underlying trajectory. (2) The reconstruction method can recover that trajectory from those data. Taken
together, observability requires that the inverse problem be numerically well posed for the chosen solver.

1.1 Data assimilation methods for state estimation

Observability depends on the dynamics of the target system and the available data, including their density,
fidelity, and relation to the system state. As indicated above, it also depends on the chosen reconstruction
scheme. Broadly, there are three families of DA methods for state estimation: filters, nudging, and smoothers.
Filters, such as the Kalman filter [18] and extensions thereof [19], evolve the governing equations exactly
between observation times but introduce discontinuous updates during the analysis steps, so the trajectory
does not satisfy the dynamics across the entire assimilation window. Nudging and synchronization observers
add feedback terms that drive the modeled system toward the measurements; this can be effective, but
these solvers also perturb the true system dynamics since the feedback is not physical [20-22]. Variational
methods, by contrast, reconstruct the entire trajectory at once by minimizing a loss function defined over the
full measurement window. They assimilate all the data simultaneously, thereby producing a trajectory that
is dynamically consistent (or can be, depending on the solver) while sustaining some discrepancies with the
data. Hence, these methods “smooth out” said discrepancies by imposing dynamical constraints.

Some smoothers enforce the governing equations in an approximate manner via soft penalty terms, while
others impose hard constraints embedded in the solver. Physics-informed neural networks (PINNs) [23], for
instance, use soft constraints (for the most part). PINNs represent the system’s full trajectory with a global
model that comprises one or more neural networks. The network parameters are tuned to minimize both
measurement error and residuals of the governing equations, and the dynamics are weakly constrained by
minimizing these residuals. In experimental fluid mechanics, related DA strategies approximate trajectories
of flow states using B-splines [24], radial basis functions [25], or empirical modal bases [26], sometimes
enforcing linear constraints like mass continuity as exact conditions.

A second category of smoothers enforces the system dynamics in full: the system is parameterized solely
by initial and boundary conditions, for instance, and a high-fidelity solver is used to propagate it forward in
time. The loss function, which compares predicted and experimental observations, is differentiated with
respect to the unknown conditions. These conditions are then tuned to minimize the loss via gradient-based
optimization. One way to compute these gradients is adjoint—variational DA [27, 28], often referred to as
“4DVar” for unsteady systems in three spatial dimensions. 4DVar solves an adjoint equation that propagates
measurement residuals backward in time to yield the gradient. An alternative is ensemble-variational DA,
which avoids adjoint equations by estimating gradients statistically from an ensemble of forward model
realizations [29]. For high-dimensional chaotic systems, adjoint-variational DA has been shown to be
accurate and efficient [16, 30], since it provides exact gradients and its computational cost does not scale
with the dimension of the control vector—in this case, initial and boundary conditions—which becomes
very large in 4DVar state estimation problems.

Our goal in this work is to assess fundamental limits of observability, so we seek to minimize
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solver-induced biases and avoid data—physics trade-offs, where possible. Since adjoint state estimation can
enforce the governing equations exactly, it provides a natural framework to probe observability limits.

1.2 Application of embedding theory to observability in state estimation

Although many dissipative chaotic systems, ranging from the relatively simple Kuramoto-Sivashinsky (KS)
equation to fluid turbulence governed by the three-dimensional (3D) Navier—Stokes equations, formally
evolve in an infinite-dimensional state space, their long-time dynamics are expected to collapse onto a
finite-dimensional invariant subset of state space, know as the global attractor and denoted by A [31]. The
box counting dimension of this attractor, 4 4, quantifies the system’s effective degrees of freedom and provides
a measure of its complexity. It naturally follows that d 4 should influence the number of measurements
required to uniquely determine the system state.

Embedding theory makes this notion precise. It considers mappings of the form ® : A — R", which
takes a point on the attractor to an m-dimensional vector of observations y € IR”. When the observations are
sufficiently rich, ® becomes an embedding, meaning that it is a smooth, one-to-one, and invertible mapping
from points on the attractor to R” and it has a smooth inverse. In this case, the image ®(.A) is topologically
equivalent to the attractor itself, so the geometry of the dynamics can be unfolded in measurement space
without self-intersections [32]. Takens’ embedding theorem and its extensions [33] formalize this principle,
showing that if the observation dimension m exceeds twice the attractor dimension (m > 2d 4), then @ is
almost always an embedding. (These theorems holds under assumptions that we shall discuss later.) These
results underpin the field of state space reconstruction,® which leverages the topological equivalence of .A and
®(A) to determine features of chaotic dynamics directly from measured data.

Although embedding theory has primarily been developed for state space reconstruction, we suggest that
its insights can likewise inform adjoint state estimation. An embedding, by definition, is a smooth injective
map with a smooth inverse ®~!, which implies that the initial state of the system, and thus its full trajectory
over an observation window, can be uniquely identified from the data in y. Embedding theorems specify
when such a correspondence exists in principle, linking the number of measurements m to the attractor
dimension d 4. This is the first component of observability that we introduced above. What these theorems
do not provide is a practical means of recovering ®~!, nor do they address the complications introduced by
noise, limited observation windows, sensor placement, or model error [34]. These gaps motivate our study.
We ask under what measurement conditions, and with which DA schemes, the observability conditions
suggested by embedding theory can be achieved in practice.

1.3 Roadmap to the paper

To address the observability question posed above, we require a model system that is both chaotic and
computationally accessible. The KS equation with periodic boundary conditions provides such a testbed. It
is a nonlinear partial differential equation, often regarded as a minimal model of spatiotemporal chaos, that
transitions from intermittent disorder to fully developed chaos with increasing domain lengths [35]. Despite
its simplicity, the KS equation exhibits many hallmarks of more complex systems of engineering interest,
including multiscale interactions and an energy cascade. Its long-term dynamics are well characterized in
the literature [36—41], which provides benchmarks for testing predictions from embedding theory. At the
same time, the modest computational cost of KS simulations enables systematic studies of measurement
configurations and optimization strategies that would be prohibitive in higher-dimensional systems such as
3D fluid turbulence.

We apply embedding theory to the problem of observability in DA-based state estimation, with the goal
of testing whether the reconstruction limits suggested by theory can be realized in practice. Our aim is not to
recover invariants of chaotic attractors, per se, as in state space reconstruction, but to reconstruct full system
trajectories that resolve the underlying fields, thereby enabling physical interpretation and modeling. To
this end, we adopt an adjoint—variational state estimation method in which the state is parameterized by its
initial condition and marched forward by a high-fidelity solver. Because the KS equation is one-dimensional
(1D) in space and evolves in time, we refer to the approach as “2DVar.” We use 2DVar reconstructions to
examine how accuracy varies with the density, spacing, and repetition rate of “sensors,” as well as on the

3State space reconstruction recovers an attractor by assembling delay-coordinate vectors y(t), y(t — 7),y(t — 27), ... from one or
more observed time series, typically to examine the attractor geometry or to estimate dynamical invariants of the system, like its
Lyapunov exponents or fractal dimension, without explicitly enforcing the governing equations. State estimation in DA, by contrast,
seeks to reconstruct the system’s trajectory in the original state space. This work is concerned with the latter.
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duration of the observation window. First, we analyze our results in relation to predictions from embedding
theory, expressed through a manifold dimension that bounds d 4. We refer to dependencies on the attractor
dimension as degree-of-freedom effects. After that, we examine how the topology of the loss landscape and
the behavior of gradient-based optimizers influence the outcome of state estimation. We call this influence
optimization-dynamic effects.

In the remainder of this paper, Sec. 2 introduces the KS equation as well as our numerical framework
for forward and inverse computations. Section 3 lays out our procedure for generating test cases and
presents sample reconstructions. Section 4 investigates how reconstruction accuracy depends on the sensor
network, relating these results to the system’s degrees of freedom and embedding-based observability criteria.
Section 5 examines the role of optimization dynamics, showing how key features of the loss landscape
influence convergence, and demonstrating that most difficulties arise from vanishing gradients and negative
curvature rather than spurious local minima. Finally, Sec. 6 presents our conclusions and discusses broader
implications of our work for higher-dimensional systems. Pertinent details on numerical methods and
supporting derivations are provided in the appendices.

2 Adjoint state estimation for Kuramoto-Sivashinsky systems

We begin by introducing the model system and reconstruction framework used throughout the paper, starting
with the KS equation, its key properties, and our numerical solver. Next, we present our 2DVar formulation
and examine how chaos affects gradient computations. We then review first- and second-order optimization
strategies and introduce a novel stabilization method for adjoint marching termed pseudo-projection.

2.1 Formulation and dynamics of the Kuramoto-Sivashinsky equation
In its derivative-form, the KS equation reads

ou ?u  o*u ou
a T ad ad Yaw 1)
~
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for positions x € [—L/2,L/2], where L is the domain length, and times t € [0, c0). In practice, we consider
finite observation windows [to, ty + T], where fg is an arbitrary start time and T is the window length.
Observation times are relative to ty, with t € [0, T]. Periodic boundary conditions are imposed,
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and the dynamics are fully specified by the initial condition u(x,0).
Terms (I)—(III) can be analyzed in Fourier space, where periodic solutions admit the expansion

u(x,t) =Y a(t) e, (2.3)

jEZ

with wavenumbers k; = 271j/L and Fourier coefficients ;. Substituting this series into Eq. (2.1) yields

ou; ik;
5= (kj — kj)u/ -5 iei ujilj ;. (2.4)

Here, (k]2 - k;‘) il, combines the energy-producing anti-diffusion and the energy-dissipating hyper-diffusion
terms, i.e., (I) and (II). It amplifies low-wavenumber modes (|k;| < 1) and damps high-wavenumber ones

(|kj| > 1), with maximum growth near ket = £1/ v/2. The conservative convective term (III) redistributes
energy across wavenumbers, coupling the stable and unstable modes and orchestrating the balance between
the production, dissipation, and redistribution of energy that gives rise to chaos.

For all L, solutions of the KS equation have been proven to rapidly approach a smooth, finite-dimensional
manifold M, called the inertial manifold (IM) [42], which contains the global attractor A C M. The
manifold is invariant under the system dynamics, so long-time trajectories of u are embedded in M [43].
The dimension of this manifold, d 4, has been extensively studied and provides an upper bound for the
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Figure 1: Representative trajectories of Kuramoto-Sivashinsky systems for domain lengths L = 22 (bottom
left), L = 44 (bottom right), and L = 66 (top). All cases exhibit meandering streaks whose spatial and
temporal complexity increases with L, reflecting the additional active degrees of freedom.

attractor’s box counting dimension, d 4 < d, where d 4 is generally intractable to compute. Thus, d
serves as a rigorous measure of the system’s effective degrees of freedom, and embedding theory allows us
to connect it to the number of measurements needed for reliable state estimation.

Forward solutions to the KS equation are obtained with a custom solver implemented in JAX, with
full details provided in Appendix A. The solver employs a uniform grid with a Fourier pseudo-spectral
discretization in space and a fourth-order Runge-Kutta exponential time-differencing scheme [44] to handle
the stiff linear terms [45]. JAX also provides efficient gradient computations via automatic differentiation
(AD), which we exploit in our 2DVar formulation. For L € {22,44} we use 64 grid points with a time step of
0.1, while for L = 66 we use 72 points with a time step of 0.05. These discretizations are consistent with prior
studies on KS systems [37, 45], and the Kaplan—Yorke dimension computed with our solver agrees with the
results of Edson et al. [35].

Table 1: Inertial manifold dimension and leading Lyapunov exponent for different domain lengths.

Domain Length L IM Dimension dpq Leading Lyapynov Exponent ¢4

22 8 0.05
44 18 0.083
66 28 0.087

Numerical DA experiments are carried out in domains of length L € {22,44, 66}, each of which sustains
chaotic dynamics [45]. As L grows larger, KS systems display behavior of increasing complexity: L = 22
lies just beyond the onset of structurally stable chaos [45], while L = 66 exhibits strongly chaotic behavior.
Representative trajectories are shown in Fig. 1, characterized by undulating waveforms that manifest
suddenly, drift and mingle across the domain, and merge.

To verify our solver, we benchmark our solutions against known chaotic invariants. Table 1 reports the
IM dimension and leading Lyapunov exponent for each domain length. Lyapunov spectra are computed
from long-time simulations using the QR method [46], with additional details provided in Appendix B.
Estimates of d \, are obtained using the autoencoder-based approach of Zeng et al. [39]. An autoencoder
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couples an encoder E : M — L to a decoder D : £ — M, where the composite map A = D o E learns an
identity function on M and £ is a low-dimensional latent space of dimension d,. The encoder and decoder
are jointly trained to minimize reconstruction error, such that A learns to represent states on M in the
compressed latent space £. We set d conservatively so that dyy < dy < n, where n is the dimension of the
discrete state vector. The architecture of A is designed to promote models which only use a low-dimensional
subset of the d-dimensional latent space. After training, the autoencoder provides mappings to and from a
low-dimensional embedding of KS states. A principal component analysis (PCA) of the encoded states in £
yields a covariance matrix whose effective rank is taken as an estimate of 4 ». Figure 2 shows singular values
of the centered data matrix and inferred dimensions for the L = 22, 44, and 66 domains. These estimates of
d a1, computed with our solver and autoencoders, are consistent with rigorous analyses [36], physical-mode
counts [40, 41], and previous autoencoder-based studies [37-39]. Further information on our autoencoder
architectures and training procedures is provided in Appendix C.

IM Dimension

Normalized Singular Values

40 50

Index

Figure 2: Autoencoder-based estimates of d \( for L € {22,44,66}. Singular values of the centered latent
state data matrix are shown, with vertical dashed lines marking the inferred IM dimension identified by the
sharp drop in eigenvalues.

2.2 Adjoint-variational state estimation

We consider state estimation from point measurements of a KS system. In the general case, scalar observations
y are derived from a point in state space at some time ¢ relative to an initial time fy. An arbitrary observation
operator for such measurements is

hi: H—= R, u(—to+t)—y, (2.5)

where h; is at least twice differentiable and the state lives in a periodic Hilbert space H = L}%er(—L /2,L/2).
If t = 0, the measurement is said to be unlagged, otherwise it is lagged. When observations depend on a
spatial location, we include this dependence in the subscript: h(, ;). For unlagged pointwise measurements,
we have

h(x0) (= to)] = u(x, to) . (2.6)

Lagged observations are taken at later times; they are modeled by composing the unlagged operator with
the system flow map,

hixn (= t0)] = hixoy o frlu(—, to)], (2.7)

where f; : H — H is obtained by integrating Eq. (2.1) forward from £ to to + t.

A set of m observations is available, denoted y € R, with elements y; = u(x;, tp + t;). We consider
spatial sensor locations x € X and measurement times t € T C [to, to + T|. Each sensor in X’ records a value
at every time in 7, and the observation coordinates (x;,t;) € X x T are indexed by i € Z. The objective is to
reconstruct the true initial condition that produced the observed trajectory. A candidate initial condition
up € H, parameterized by 6, is used to generate reconstructions. In the variational setting, and assuming no
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model error, measurement error, nor prior information about the initial condition, state estimation is posed
as minimization of the loss functional (a.k.a. the cost functional or objective functional),

1
S (0) = 7] Zg[h(x,»,ti)(ue)/ .‘/z} , (2.8)

i€

where 4 : R X R — R is a smooth measure of residuals. In this work, ¢ is taken to be the squared error so
that ¢ represents the mean squared error between the observations y and the corresponding pointwise
predictions of u generated from 6.

In our numerical experiments, the observation set X x T is defined by placing sensors uniformly in
space and sampling them at regular intervals. The spatial locations are evenly distributed, with m, sensors
separated by Ax = L/m, and centered within the domain. Each sensor records m; samples at a constant
rate At = T/m;, beginning at ty + At and including the final time, ¢ty 4+ T. Thus, the initial state is always
excluded, the final time is always observed, and the total number of measurements is m = m, x m;. Sample
setups are shown in Fig. 3 for the L = 22 domain and a T = 20 time horizon. The left plot shows a sparse
configuration with m = 4; the right plot shows a dense configuration with m = 16.

Sparse Configuration Dense Configuration

10 | T T T | T T T |

c |
S

Zor |
o

- |

-10r I I I | 1 1 1 |

0 5 10 15 20 O 5 10 15 20

Time Time

Figure 3: Exemplary measurement configurations in the L = 22 domain. The left panel shows a sparse
layout with two spatial sensors and two observation times; the right panel shows a denser configuration
with four spatial sensors and four observation times.

This problem setup naturally leads to a constrained optimization task,
6= argmejn Z(0). (2.9)

Here, the constraint on the system dynamics is included in the definition of h, where the unlagged observation
operator is composed with the flow map, and the candidate initial condition enters implicitly through h
acting on ug. The minimizer §yields the initial condition whose trajectory best reproduces the observed data
y. Gradients and Hessians of _# with respect to the control parameter are obtained via adjoint equations, as
described next. The optimization proceeds by calculus-based methods, starting from an initial guess 6 that
is iteratively updated until convergence.

2.2.1 Discrete adjoint framework for gradients and Hessians

In practice, we discretize the KS equation and solve it numerically. The state is represented by a vector
u € R” that contains the solution at n uniformly spaced spatial nodes at time kAt for k € K = {0, ..., K}.
Here, IC is the set of all times and K = T/ At is the final time index. The system is advanced by a numerical
solver,

1 = far(ug), (2.10)

where fy; is detailed in Appendix A. The continuous measurement operator is likewise replaced by a discrete
analogue. For an unlagged point measurement at node i,

hi0) (110) = €] ug, 2.11)

where e; is the ith standard basis vector in R”. The lagged observation at (i, j) is
hii) (o) = e £, (uo), 2.12)
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where f it denotes j successive applications of fa;, with j = t/At € INg. We assume that all observation points
(xj,t;) coincide with grid nodes and time steps. For brevity, we write h; to indicate the discrete operator
corresponding to the observation at (x;,t;) € X x 7. The initial condltlon is parameterized via p Fourier
coefficients @ € CF, with the discrete field given by the inverse discrete Fourier transform,

ug=F10) < 0=F(up). (2.13)

We use 15, 20, and 25 Fourier modes for the L = 22, 44, and 66 domains. The cost functional for the discrete
problem is

[hi(ue (2.14)
17 Z;Z-%,_/
“(hi(ug)yi)
and Eq. (2.9) becomes
0 =arg mein 7 (0). (2.15)

We solve adjoint equations to compute first- and second-order derivatives of ¢ with respect to 8. The
discrete adjoint recursion for the gradient is

+ Ougir1 | OM

+
= , 2.16

Uy k+1 auﬂ,k au(),k ( a)

fork=K-—1,...,0, with terminal condition

oM
+ k

= . 2.16b
ue,K auB,K ( 6 )

The adjoint variable u] is a row vector and uy ; denotes the observer system at the kth time index (the index
is dropped for k = 0). For ease of notation, we define the iteration specific loss

1 T
Mi(ug i) = — (o — ux) My (o) — u),

where M is a binary diagonal matrix selecting measurement positions at iteration k,

1, ifx;e XandkAte T,
My,ii = .
0, otherwise,

and x; is the spatial position corresponding to the ith cell. Using these definitions, the desired gradient of ¢
is obtained as

a/ _ 1.8”9
w = uow. (216C)

The second-order system for the Hessian is

A(uf ) _ |9 (dugrn T ugp 4 n gy Ta(”211)+aszau6,k
Jug dugy \ Ougy Jug 1 dug Jug au%,k dug

, (2.17a)

fork=K-—1,...,0, with terminal condition

a(uzb 92My. dug k

2.17b
Jdug aue K oug ( )
The Hessian of the loss is given by
2 T outT
O’ _ (dme) Oy ) (2.17¢)
892 d0 dug
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In general, we adopt the following convention for higher-order tensor contractions:

Padb _ Pa o
ob? oc ab]abk dcy !

(2.18)

where the tensor notation on the left is equivalent to the Einstein notation on the right. The sensitivities
Jug . /dug are computed incrementally during the forward pass and stored alongside ug .

Automatic differentiation can be applied to full rollouts in JAX, where a “rollout” is a trajectory produced
by autoregressive application of the forward solver. Computing gradients and Hessians via AD is equivalent
to solving the adjoint systems described above. We implemented both methods and used AD to validate
our adjoint formulation. Although explicit adjoint solvers can be far more memory efficient than AD, and
thus indispensable for very-high-dimensional systems and long assimilation windows, the KS systems
considered here have small state vectors and short rollouts. AD is thus simpler and faster to use for these
cases, and we do so for the results reported in this paper.

2.2.2 Impact of chaos on adjoint marching

Numerical simulations of chaotic systems necessarily diverge from the true system trajectory over long time
horizons due to the exponential growth of errors. The adjoint system inherits the Lyapunov spectrum of the
forward dynamics [47, 48], so gradients of ¢ are vulnerable to the amplification of measurement noise and
numerical errors accumulated during backward integration. Consequently, optimizing a single trajectory
over long time horizons is not feasible [16]. A common strategy is to restrict the assimilation window to be
on the order of the Lyapunov timescale, Ty = 1/¢;, where /1 is the leading Lyapunov exponent [49, 50]. For
measurements spanning a total duration T > Ty, the problem is divided into ceil(T/T;) segments of length
Ty or less [50]. In order to speed up convergence in a multi-window reconstruction, the terminal condition
from one segment may be used as the initial guess for the next [51]. In this paper, we follow this practice and
take the assimilation windows to be of duration Tj.

2.3 Optimization methods

With exact gradients and Hessians of the loss in hand, the performance of adjoint state estimation depends
on the optimization algorithm. The choice of optimizer is pivotal in chaotic systems, where ill-conditioning
and instability are endemic.

It is often assumed that optimization is difficult because descent methods become trapped in spurious
local minima [52, 53]. However, in many high dimensional problems, such as dictionary learning [54],
tensor decomposition [55], matrix completion [56], and training certain (restrictive) classes of neural
networks [57], all minima are global minima with the same loss. Theory for random high-dimensional
error surfaces, which are good surrogates for practical loss landscapes, likewise suggests that nearly all
critical points of high loss are saddle points rather than minima [58, 59]. Ergo, the main challenge in most
high-dimensional, gradient-based state estimation problems is escaping saddle points [52, 60, 61]. As a
corollary, any local minimum can be regarded as a satisfactory solution. Similar challenges arise in adjoint
state estimation, namely, effective handling of negative curvature and achieving convergence despite an
inherently ill-conditioned Hessian.

We consider four calculus-based minimizers in this work: vanilla gradient descent, Newton’s method, a
quasi-Newton algorithm, and a regularized variant of Newton’s method. The first three illustrate common
failure modes in adjoint state estimation, whilst the last mitigates these pathologies. Throughout our
discussion, the control vector at iteration k is denoted 6; it is initialized at 8y and iteratively updated with
increasing k. The gradient and Hessian of the cost functional are

_ (22 S
s=(%) - m=% 1)

where g € R” and H € R"*" is symmetric.

2.3.1 Vanilla gradient descent
Gradient descent updates the control vector along the steepest slope of the loss landscape,

01 = Ok — 118, (2.20)
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where 17 > 0 is the step size, which may vary with k. Unfortunately, progress can slow to a crawl when
the Hessian is ill-conditioned [53]. To see this, consider a quadratic loss with ordered Hessian eigenvalues
Ap > -+ > Ay > 0. The condition number of H is kg = A1/A,. Using the optimal step size, given by
1 =2/(A1 + Ay), progress near a critical point 0" satisfies

KHfl

0 — 07 _
641~ 01> < 21—

16x — 67>, (2:21)
where |||, is the Euclidean norm [62]. Thus, when kg >> 1, the contraction factor approaches unity, updates
shrink extremely slowly, and the optimizer lingers near 6*.

2.3.2 Newton’s method

Gradients can be rescaled using local curvature information to deal with ill-conditioned Hessians. Newton’s
method, which achieves quadratic local convergence when H is full rank [62], modifies gradient descent by
taking smaller steps along directions of high curvature and larger steps along directions of low curvature,

01 = 0 —H 'g. (2.22)

When H has negative eigenvalues, however, the Newton step can move uphill, converging to a nearby
saddle point or local maximum. Moreover, if H is singular or nearly so, regularization or other modifications
are required to approximate H -1
2.3.3 Quasi-Newton methods
Quasi-Newton methods are employed when computing, storing, or inverting the full Hessian is too costly.
Instead, an approximation to the inverse Hessian B, ! ~ H! is built from past gradients and iterates, so
that the update step is
-1
Bie1 = 0 — 7B} 3. (2.23)

Like in Newton’s method, B, ! is meant to accelerate convergence in locally convex regions by rescaling
gradients according to the estimated curvature at ;. The theoretical foundations of quasi-Newton
methods break down in regions with strong negative curvature [52]. The most widely used variant, i.e.,
the Broyden—Fletcher-Goldfarb-Shanno (BFGS) algorithm, builds a positive definite approximation B, !
whenever the curvature condition is satisfied. At points of negative curvature this condition can fail,
producing a non-positive definite or poorly conditioned update. A common remedy is to reset B, t—1,
thereby reverting to a gradient descent step at iteration k. As a result, BFGS can perform poorly in regions
where negative curvature is prevalent. We use BFGS as our representative quasi-Newton method.

2.3.4 Regularized Newton methods
Several modifications to Newton’s method have been proposed to address ill-conditioning of the Hessian
and negative eigenvalues. One family of methods takes the absolute value and/or thresholds the eigenvalues
of H prior to inversion [52, 53, 63, 64]. We adopt one such technique called the non-convex Newton (NCN)
method [53], which conditions the gradient using the “positive definite truncated inverse Hessian,” denoted
|H|~!. NCN steps are given by

01 = 0 — y|H|'g. (2.24)

To compute |H|~!, we perform an eigendecomposition of the Hessian,
H = QAQ', (2.25)

where A = diag()\l, ...,Ay) contains the ordered eigenvalues and Q is an orthonormal matrix of the
corresponding eigenvectors. The eigenvalues are regularized:

A} = max(|Ail, 6), (2.26)

where § € (0, 1] is a threshold, which yields the diagonal matrix |A| = diag(A],..., A},). Note thatd > 0
ensures that |H| is full rank. The regularized inverse is

|H|™' = QIA|T'Q". (2.27)
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The threshold & controls the condition number of |H|~!, which equals A1 /6.

Unlike Newton’s method, NCN can descend along directions of negative curvature and is proven to
escape saddle points exponentially fast [53]. Furthermore, because |H| ! is inherently positive definite,
NCN can always decrease the loss function for a sufficiently small step, provided that g # 0. Since NCN can
handle ill-conditioned Hessians and negative concavity, and because the Hessian is easy to compute for our
KS state estimation problem, NCN is the default optimizer in this work.

Selection of the threshold ¢ and step size 1 are key considerations when using NCN. We first set
0 = A1/x|g|, where kg is the targeted condition number, and we then determine 7 through a standard
backtracking line search that satisfies the Armijo condition. Setting |y to 1 removes curvature-based scaling

from the step direction, i.e., |[H|71g = A] lg, which is equivalent to gradient descent (i.e., robust to noise in
g but slow and prone to stagnation near critical points). Conversely, as 6 — 0, we have x| — kp and all
components of the Hessian are retained. However, when the Hessian is ill-conditioned, NCN steps amplify
gradient components aligned with directions of low curvature, which we observe are typically associated
with high-wavenumber components in ug (see Sec. 4). Such components are usually non-physical because
the hyper-diffusion term (II) in Eq. (2.1) rapidly damps high-wavenumber content and the true state lies
near the attractor (by assumption), which primarily contains low-wavenumber modes. Selection of « g is
thus a balancing act: it must be large enough to accelerate convergence by exploiting curvature information
but small enough to avoid amplifying non-physical gradient components. In practice, we constrain x|y to

{103,10%} to simplify the regularization procedure.
We set KiH| = 103 at the start of each optimization, which biases updates toward states dominated by

low-wavenumber modes. However, if g " |H|~!g becomes much smaller than the objective loss, optimization
effectively stalls (see Sec. 5.5). To address this, whenever ¢ ~!(g"|H| 'g) < 0.01, we increase K|g| to 10°,
enabling larger steps along “higher-wavenumber directions.” This adjustment typically gets the optimizer
unstuck and reduces the loss, though it also tends to increase early-time reconstruction errors.

2.4 Pseudo-projection

Most initial conditions in state space do not lie on the attractor, and many points off the attractor converge
toward trajectories that are nearly indistinguishable from those on it. As a result, when optimizing the
initial condition, the estimate can drift away from the attractor along directions that yield similar trajectories
but contain erroneous early transients. This tendency is exacerbated when x|y is large, since curvature
scaling amplifies gradient components aligned with directions of low curvature (typically associated with
high-wavenumber content in ug, as discussed above). We refer to this behavior as a blow-up of the initial
condition, since values of u#g can become unphysically large along these directions.

Because all trajectories approach the attractor exponentially fast, it is reasonable to assume that the true
initial condition lies on the attractor or very near it. To incorporate this knowledge into our state estimation
algorithm and to prevent blow-up, we introduce pseudo-projection. This operation projects a state onto the
attractor (or at least close to it) by integrating the governing equations forward in time for a short duration.
Pseudo-projection is given by

O 1 = F{fgt[Ffl(ekl]}, (2.28)

ug

where j is chosen such that jAt < T. By keeping the rollout short, pseudo-projection acts as a dynamical
filter that removes non-physical, high-wavenumber modes while leaving the long-time trajectory essentially
unchanged. We use pseudo-projection in conjunction with NCN. The optimization is performed for 350
iterations, with pseudo-projection applied at steps 50, 100, and 150. We set x|y = 10% after the final
application of pseudo-projection, allowing the optimizer to refine physical modes.

3 Test cases and sample reconstructions

This section presents representative test cases to illustrate typical outcomes of adjoint state estimation. We
begin by describing the procedure used to generate the dataset of trajectories and initial guesses employed
throughout our study, followed by the error metrics used to assess reconstruction quality. We then report
representative reconstructions for the L = 22 domain to contextualize these metrics, compare optimizer
performance, and demonstrate the effects of pseudo-projection, in that order.
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3.1 Generation of cases

Adjoint state estimation for KS systems is a highly non-convex problem that depends strongly on both the
reference trajectory and the initial guess for the observer trajectory. To marginalize these dependencies and
obtain representative reconstruction statistics, we perform reconstructions across a large ensemble of ground
truth trajectories and guesses. For each domain size, L € {22,44, 66}, we generate a collection of states on the
attractor by integrating a single system forward for 10 000 time units. The first 1000 time units are discarded
to ensure convergence to A, and the remaining 9000 time units are retained at intervals of At = 1. The center
and radius of the attractor are approximated as

1 10000 1 10000
N —— , Ry~ — — , 3.1
A 5500 k:%m Uy A™ 5500 k:%m [l — uall, (3.1)

where k indicates time units. The radius serves as a characteristic scale in state space, and we use it to
normalize errors and sample initial guesses at prescribed distances from the true initial condition.

For each domain size, we define test cases using 20 random initial conditions and 400 random initial
guesses per initial condition, yielding 8000 cases per domain. All cases are reconstructed using data from
multiple sensor configurations, with m, € {2,...,16} spatial sensors and m; € {2,...,8} measurement
times. The initial conditions u8> and guesses ug’j ) are drawn from the long-time rollout for the corresponding
domain. When generating guesses for a given condition, we compute the distances

Djj = |luy” —uf|l». (32)

We sample states with distances D;; € [0.01R 4, R 4] to ensure a mixture of good guesses and poor ones. To
do this, random target distances are drawn from [0.01R 4, R 4] with uniform probability, and the state for
which D;; most closely matches the sample is selected. Duplicates are redrawn until we have 400 unique
starting points for our observer system.

3.2 Error metrics

Reconstruction accuracy is primarily evaluated using two metrics: a normalized Euclidean distance between
initial conditions of the observer and reference systems as well as the cosine similarity between the full
trajectories. The initial condition error is

ew = R [|uo — ul|2- 3.3)

Because distinct initial conditions can yield nearly indistinguishable trajectories on the attractor, we also
quantify accuracy at the trajectory level via the cosine similarity,

u'u,

CSy=-———-—"-,
Y a2 [[Uell2

(3.4)

where U = (ug; .. .;ug) and Uy = (up; .. .; ug k) are the ground truth and reconstructed trajectories in R"K,
We also consider whether an embedding is well conditioned by computing the largest loss below which
trajectory estimates are accurate with high probability. Specifically, we define

accurate est.  of low loss

—— —
e =sup{e|p(CSu>t1| # <e)>1-46}, (3.5)
with high probability

where T ~ 1 indicates an accurate trajectory and 0 < § < 1. Thus, any loss below ¢* almost certainly
corresponds to an accurate reconstruction. Equivalently, let U and Up denote trajectories initialized at
ua and up, respectively, with measurements y, = ®(ua) and yz = ®(up). Well-conditioned embeddings
require that trajectories which are also close in measurement space are necessarily close in state space. In
particular, accurate estimation occurs whenever

L ya = vl < &
ayA Yplla < €.

For state estimation to be well posed, £* should exist and it should be reasonably large.
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3.3 Representative reconstructions

State estimation has three characteristic outcomes: poor generalizations, failed optimizations, and successful
reconstructions. Figure 4 presents examples of all three for the L = 22 domain. The top row shows
reconstructed trajectories with sensor positions superimposed on the estimates and the bottom row shows
absolute error fields. All reconstructions were computed using the same reference state uy and the same
optimizer configuration, namely, our default sequence of 350 NCN iterations with pseudo-projection applied
at iterations 50, 100, and 150. The only differences among the examples in Fig. 4 are the number of
observations and the initial guess. For the cases shown (left to right), the initial distances D;; are 0.58, 0.80,
and 0.89. The values of _# and CSy reported in this subsection correspond to these reconstructions.

Poor Generalization Failed Optimization Successful Reconstruction
Cos Sim: 0.04, Loss: 4.28x1030 Cos Sim: 0.09, Loss: 7.99x10" Cos Sim: 1.00, Loss: 1.11x10¢

T T 2

(o}

Estimates
Position

[e]
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T T T
i [e] o [e] 10‘
o
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- C il i 7 10°
0 5 10 15 20 O 5 10 15 20 0 5 10 15 20
Time Time Time

Figure 4: Sample reconstructions for L = 22. The top row shows reconstructed trajectories with sensor
locations superimposed; the bottom row shows absolute error fields. Final loss values and cosine similarities
are reported above each column. From left to right: poor generalization (low loss, high error), failed
optimization (high loss, high error), and successful reconstruction (low loss, low error).

Poor generalization (left) occurs when the observations are sparse (my = 2 and m; = 2) and the initial
guess lies far from the truth. Although the optimizer drives the loss to an extremely low value (4.3 x 10~3),
the reconstructed trajectory differs markedly from the reference, yielding a cosine similarity of 0.04. The
problem is underdetermined: many trajectories can reproduce this sparse set of observations, so a low loss
does not imply an accurate reconstruction. Indeed, as shown in Sec. 4.3.2, even for very good guesses, as
Dl-]- — 0, one generally requires m > d s measurements for the initial state to be observable, where d; = 8
for the L = 22 domain. In this case, the error field exhibits two shallow valleys of extremely low loss centered
on the sensor positions, which is a common feature of low-sensor-count reconstructions.

Even with a denser set of observations, the optimization can still fail, as shown in the middle panel.
Here, the measurement density (m = 16) is close to the embedding criterion m > 2d 4 + 1 discussed in
Sec. 4.3.3, yet the optimizer converges to a spurious solution with a high loss (7.9 x 10~1) and a low cosine
similarity (0.09). Once again, the error field contains valleys of low loss, though not nearly as deep as in
the first reconstruction, and the reconstructed field bears little resemblance to the true system. Such failures
arise when the optimizer becomes trapped in high plateaus on the loss landscape, stalling convergence.

Lastly, the right panel shows a successful reconstruction for the same sensor configuration as the middle
panel, where the optimizer converges to a physically consistent solution with low loss (1.1 x 107°) and a
cosine similarity near unity. Notably, the initial guess in this case was further from u( than in the second
example (D;; = 0.89 as compared to 0.80). The relationship between the initial separation and the conditions
required for accurate reconstruction is discussed in detail in Secs. 4 and 5.

3.4 Characteristic optimizer behavior

To illustrate the behavior of different optimizers, Fig. 5 shows representative loss traces for a case with
my =4, my = 4, and L = 22, where all methods start from the same initial guess. We compare gradient
descent, BFGS, and NCN, as described in Sec. 2.3, but we do not include a bona fide Newton method.
Due to dissipative dynamics and measurement sparsity the true Hessian is very ill-conditioned or entirely
degenerate, per Sec. 5, so exact Newton steps are not well defined. Even with minimal regularization—i.e.,
retaining only non-zero eigenvalues in Eq. (2.27) (setting Ai_l = 0 when A; = 0) without enforcing positivity
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or applying a threshold—Newton iterations quickly diverge. To isolate the effects of negative curvature in
our comparison, therefore, we include a modified Newton scheme that applies the same cutoff as NCN but
does not enforce positivity of A. Pseudo-projections are omitted from these tests to highlight the intrinsic
behavior of each optimizer.

Iteration ( )
1000 2000 3000 4000 5000

Newton

109 [ .

108 i

Objective Loss

109 i
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60 120 180 240 300
Iteration (Newton, , )

Figure 5: Optimization loss versus iteration for gradient descent, modified Newton, BFGS, and NCN applied
to the same L = 22 case with m, = 4 and m; = 4. The lower axis (0-350 iterations) corresponds to Newton,
BFGS, and NCN; the upper axis (0-5000 iterations) corresponds to gradient descent.

Due to severe ill-conditioning of the loss landscape, gradient descent converges at a glacial pace: even
after 5000 iterations, its loss remains orders of magnitude higher than those achieved by BFGS and NCN
in far fewer steps (note the separate x-axes). The modified Newton method also plateaus, despite having
access to exact curvature information. Because the Hessian can become indefinite, Newton steps point uphill
whenever the gradient overlaps with directions of negative curvature. Such steps would increase the loss, so
the backtracking line search sets the step size to zero, causing the optimizer to get stuck. By contrast, BEGS
preconditions the gradient with a positive definite matrix Bk*1, ensuring that the loss necessarily decreases
provided the step is sufficiently small. Even when the curvature condition fails, our implementation resets
By to I, which is positive definite and thus allows descent to continue. Finally, NCN exhibits the fastest
convergence and the lowest final loss, in line with its relative performance across all the test cases we
examined.

3.5 Reconstructions with pseudo-projection
Recall that pseudo-projection involves a short forward integration of the system dynamics that is meant to
bring ug closer to M. Figure 6 illustrates its effect for a representative case with my, =4, m; =4, and L = 22.
As throughout this paper, we use 350 NCN iterations with pseudo-projection applied at iterations 50, 100,
and 150. The plots compare two otherwise identical DA runs: one with pseudo-projection (solid lines) and
the other without (dashed lines). The left panel shows traces of the loss ¢ and cosine similarity CSy, the
middle panel shows the loss and the initial condition error e,, and the right panel displays initial conditions
of the reconstructed and reference systems (top right) as well as the residuals (bottom right).
Pseudo-projection events are indicated by vertical dotted lines. At each instance, the loss spikes up and
the cosine similarity dips down. Both effects are expected because the action of the system dynamics per se
does not account for observations of the reference system. By contrast, the initial condition error consistently
decreases with pseudo-projection, meaning that the dynamics do indeed pull ug toward M. Notably, the loss
always remains below its initial value after projection, and the cosine similarity stays relatively high. Hence,
pseudo-projection moves ug closer to the IM without fundamentally degrading the estimated trajectory.
Between pseudo-projections, the optimizer makes limited progress in reducing e,, mainly due to the
small number of measurements and the moderately high NCN threshold used in this work. The case without
pseudo-projection clearly highlights this limitation: although the optimization achieves a low loss, the final
ey is worse than at initialization, and the cosine similarity is lower than in the pseudo-projection case. Thus,
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for this example, pseudo-projection yields a more accurate trajectory even though the final measurement
match is slightly worse. More broadly, pseudo-projection almost always makes the optimization harder for a
few steps, i.e., because the spike in loss must be brought back down, but it also introduces perturbations
that help the optimizer to escape plateaus or shallow valleys in 7. Across all of our tests, we find that
pseudo-projection is the primary mechanism for reducing e,.
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Figure 6: Effect of pseudo-projections for a case with m, = 4, m; = 4, and L = 22. Shown are the loss and
cosine similarity (left), the loss and initial-condition error (middle), true and estimated initial conditions (top
right), and initial condition residuals (bottom right). Vertical dashed lines indicate pseudo-projection steps,
which reduce the initial-state error by nudging the estimate back toward the attractor.

Next, we examine the global effect of pseudo-projection using all 8000 trials of the my = 4, = m; =
4, L = 22 case. Figure 7 shows joint probability density functions (PDFs) p(CSy > 71, ¢ ), evaluated for
T = 0.95. The left and middle panels compare optimizations performed with pseudo-projection (left) and
without it (middle). The right panel shows the same analysis, but we restrict the cosine similarity metric
to the latter 75% of the trajectory, thereby excluding early-time transients that take place before the first
measurement time in 7. For each plot, we also indicate the supremum threshold ¢* from Eq. (3.5), computed
using § = 0.001.
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Figure 7: State estimation with and without pseudo-projections for L = 22. Each panel shows p(CSy =7, #)
in the (_#, 7) plane. From left to right: with pseudo-projection, without pseudo-projection, and without
pseudo-projection but computing CSyy using only the latter 75% of the trajectory. Vertical lines indicate €*.

Large values of ¢* indicate that, for a given optimization scheme, low-loss solutions correspond to
accurate reconstructions with high probability. Naturally, small values of £* suggest the opposite, where
low-loss solutions can arise from distinct trajectories that nearly match the reference observations. Such
cases can occur when trajectories begin off the IM but closely shadow trajectories on it. This behavior is
apparent in the middle panel of Fig. 7, wherein many runs produce a low loss yet have a low probability
of accurate reconstruction. With pseudo-projection (left), these spurious low-loss—low-accuracy cases are
greatly reduced, and &* is much higher. We interpret this increase as improved numerical robustness due to
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pseudo-projection, since the underlying problem is unchanged across these cases. The right panel confirms
that the difficulty originates in early-time reconstruction errors. When the cosine similarity is only computed
for the latter 75% of the trajectory, the bulk of the problematic low-loss—-low-accuracy region vanishes. This
suggests that pseudo-projection primarily improves observability of the initial condition, as opposed to the
full trajectory, by pulling it closer to the IM.

4 Degree-of-freedom effects

In this section, we assume the existence of a smooth compact manifold in state space that contains the
global attractor with minimal possible dimension and on which the flow map is a diffeomorphism. In other
words, we assume an inertial manifold, which is known to exist for KS systems. It is also reasonable to posit
its existence for more complex dissipative systems such as Navier—Stokes flows, where an IM has not yet
been rigorously proven but is expected to exist [65]. The results of this section therefore have potential
applicability to such systems. A detailed discussion of the existence and properties of IMs in dissipative
systems is provided by Zelik [31].

Kuramoto-Sivashinsky dynamics on the IM can be expressed as a system of d 5 ordinary differential
equations. Trajectories are determined by state vectors in R%M that specify initial positions on M. Hence,
d o provides a natural measure of the information necessary to define the system state. Given sufficient
knowledge of the system dynamics, d should correspond to the number of measurements m needed
for state estimation. Embedding theory formalizes this connection by relating d 4 to the m required for a
smooth, invertible mapping ® : M — R™ to exist, which holds when m > 2d y; + 1. While embedding
theory has been widely applied to state space reconstruction, we employ it here for the first time to analyze
the well-posedness of adjoint state estimation. Because d 51 increases with the domain length, the number of
measurements required for reconstruction likewise grows. We refer to this dependence as a degree-of-freedom
effect on observability.

Figure 8 provides a graphical summary of the spaces relevant to state estimation and their relationships
to one another. At the center lies the inertial manifold M, which contains the system’s long-time dynamics
and is assumed to include both the reference trajectory starting at #y and the observer trajectory starting at
ug. To the right appears the measurement manifold ) = ®(M), where the observation operator ® maps
states u € M to measurements y € ). When ® is an embedding, this mapping is smooth and invertible, so
Y and M are topologically equivalent. On the left is a local embedding: a chart ¢ defined on an open patch
U C M that maps u € U to manifold coordinates z € V = ¢(U) C R%M. By definition, such patches form
an open cover of M. The remainder of this section develops these spaces and mappings and substantiates
their role in adjoint state estimation.

-1 q)(M) y
e v NM(M)NB(M —
. . o er Ny, ()
Tyo (M)

Yo

Figure 8: Schematic illustrating the relationships among the inertial manifold M, the measurement manifold
Y, and a local Euclidean parametrization V. The observation map & takes states on M to measurements
on ), and the chart ¢ provides local coordinates on &/ C M. Tangent and normal spaces are shown for
representative states and observations.

4.1 Mappings from states to measurements
We begin by introducing the notation used in this section and by briefly reviewing some relevant aspects of
embedding theory. Consider the mapping

®:R" —» R", 4.1)
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which takes an initial condition in state space to a vector of m observations,
P(u) = [hi(u);ha(u);...;hu(u)] = y. 4.2)

To analyze the properties of @, we restrict its domain to states on M, such that Y = ®(M) defines the
corresponding shadow manifold. We denote by P™ the space of all such mappings with output dimension
m. When the domain is further restricted to a subset B C M, we write

Pp: B — . (4.3)

While the forward problem y = ®(u) is well posed, the inverse problem u = ®~!(y) may not be, since !
may not exist and is typically unavailable in closed form, regardless. Adjoint state estimation implicitly
approximates this inverse through a constrained optimization. The problem can be well posed when each y
corresponds to a unique initial condition, which holds for all # € M when @ is an embedding, ensuring that
&1 does indeed exist.

Numerous results in the literature on state space reconstruction establish bounds on the number of
measurements required for an embedding to exist. Takens’ pioneering work showed that if y is a scalar time
series obtained from u € M,* then the delay-coordinate map ® : u — y is a diffeomorphic embedding when
the number of delays satisfies m > 2d \, + 1 [66, 67]. Sauer, Yorke, and Casdagli [68] later extended this
result to strange attractors, showing that a generic observation function yields an embedding when m > 2d 4.
Deyle and Sugihara [33] further generalized these results to multivariate time series, demonstrating that if
m > 2d g + 1, then ® € P™ is generically an embedding for sufficiently smooth measurement functions,
under mild assumptions about periodic points. They also showed that in a probabilistic formulation, any
g € P™ is almost surely an embedding when m > 2dg, where dg < d 4 is the box-counting dimension
of a compact subset B C M. Finally, if ® is an embedding, then M and ) are topologically equivalent, so
that dy = d \q, which suggests a lower bound m > d », on the number of measurements required for state
estimation. The implications of m > dq and m > 2d y, 4 1 for adjoint state estimation are derived in Sec. 4.3.
Lastly, we note that these theorems establish when ® is almost always an immersion or an embedding, but
they do not provide universal guarantees.

4.2 State space reconstruction

In state space reconstruction, the goal is to determine invariants of a dynamical system from sparse
measurements and to predict their evolution [69]. If @ is an embedding, then one can define dynamics of y
on Y that are equivalent to the dynamics of # on M such that both systems share the same invariants. The
measurement space dynamics are written as

Y1 = 8at(i), (4.4)

where gy, is simply
gar = Pofp 0@, 4.5)

Hence, the system dynamics can be examined entirely in measurement space when @ is an embedding. The
existence of ®~! is sufficient for this purpose, which stands in contrast to state estimation, where we seek a
functional approximation to ®~1.

4.2.1 Sensor placement and repetition rate

Although embedding theorems specify how many measurements are needed to establish a diffeomorphic
mapping from M to Y, they offer no guidance on where to place sensors or how rapidly they should record
observations of u. These are critical considerations in practice, especially for noisy measurements [32]. A
standard approach for selecting the time lag T between measurements is to analyze the average mutual
information between measurements at times ¢t and t + 7. The lag is often chosen as the first minimum
of mutual information with increasing 7 [70], minimizing redundancy while ensuring that successive
measurements are still correlated [71, 72]. Alternatively, one can fix the measurement time horizon T,
from which 7 is determined by the number of measurements as T = T/m. Rosenstein et al. [72] showed
that the optimal lag scales with m such that T remains approximately constant. By fixing T, one can
keep the earliest and latest measurements within a window where their dynamical relationship remains

4A vector of delay coordinates contains measurements of u at a fixed spatial position x and at times ¢, t + T, + 27, . ..
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computable. A myriad of methods have been proposed to optimize T or T [72-74], all aiming to strike a
reasonable compromise between redundancy (short T, strongly correlated measurements) and irrelevance
(long 7, decorrelated measurements that convey little information about the initial state) [34].

For adjoint state estimation, prior studies recommended restricting the assimilation window to the
Lyapunov time T, [49, 50]. Beyond this scale, the exponential sensitivity to initial conditions causes gradient
calculations to rapidly deteriorate. When KAt >> T, therefore, the probability density p(ux | uy) approaches
the unconditional distribution p(u), and as a corollary, p(ug | ux) — p(up) since the adjoint system inherits
the Lyapunov spectrum of the forward dynamics. Therefore, setting T = T, is a pragmatic choice for
the assimilation window, independent of m, and we follow this convention throughout the present work.
Because the literature on state space reconstruction primarily concerns 1D time series, however, there is little
precedent for spatial sensor placement. We thus adopt uniform spatial coverage under the assumption that
all spatial locations are equally informative.

4.3 Critical points on ¢

In Sec. 2.3, we discuss evidence that critical points of high loss are rare in high-dimensional non-convex
optimization problems, while critical points of low loss are typically saddle points or global minima (possibly
with multiple minima of equal loss). Here, we examine the conditions under which critical points can arise
in the loss landscape on M. We show that, under suitable assumptions, the global minimum is the only
critical point on manifold, which holds locally for m > d 4 and globally for m > 2d 4 1.

4.3.1 Some definitions

Several geometric quantities must be defined to assess critical points on the IM. The mapping ® must be an
immersion to qualify as an embedding, and an atlas of charts is needed to parameterize the loss landscape.
An immersion is simply a local embedding: for every u € M, there exists a neighborhood such that
u € U C M, wherein the restricted mapping &, : U/ — ) is an embedding [75]. Immersions are known to
exist generically when the number of measurements satisfies m > d [33].

Equivalently, immersions can be characterized using the tangent spaces of M and ), which are depicted
in Fig. 8. The tangent space of a smooth manifold B at x is denoted Ty (1), with a Euclidean dimension that
necessarily equals the manifold dimension d, and the normal space is Ny (53). For states # and measurements
y, the Jacobian of ® with respect to # must relate both the tangent and normal spaces of M and ),

92 L Tu(M) & Nu(M) = Ty(9) & Ny (). (4.6)

R” R™

The immersion property pertains solely to the restricted mapping
od
Tu(M)

If ® is an immersion, this mapping is injective, which implies that d y < dy. Since the measurement manifold
is the image of M, i.e., ) = ®(M), we also have dy < d . Hence, d \s must equal dy and the tangent map
is a bijection. A first-order Taylor series expansion of ® gives

oy = %% ou, (4.8)

so if @ is an immersion, then any non-zero perturbation éu € T, (M) produces a non-zero measurement
perturbation dy € T,()) and vice versa. In other words, as an immersion, ® resolves all the intrinsic
directions on the inertial and shadow manifolds.

Next, we define an atlas, which allows us to map from a state # € M to a vector of manifold coordinates
z € RM corresponding to the system’s intrinsic degrees of freedom. An atlas is a collection of charts whose
domains Y C M form an open cover of M, where U is one of many such domains. Each chart

U —V CRM (4.9)

is a diffeomporhism from ¢/ onto an open subset of RM, such that u = ¢~!(z) for z € V. The tangent space
of a manifold can also be obtained by differentiating a chart. Specifically,

-1
Tu(M) = span(algz ) , (4.10)
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where u € U, z € V, and the rank of the Jacobian is d y(. An example of this mapping is shown in Fig. 8.

4.3.2 Local behavior

To begin, we show that if ® is an immersion, and if the initial conditions of the observer and reference
systems, #g and u, are confined to a sufficiently small region on a chart domain I/, then there exists a single
critical point in this region at ug = uy. The proximity of ug and uy is required to justify a first-order Taylor
expansion. In what follows, zg = ! (ug) and zg = ¢! (up) are representations of ug and g in manifold
coordinates, with zg, zg € V C R%M. We thus define the measurements as a function of zg,

y=ooy !(z), (4.11)

and so too for y, and zg. The first-order Taylor series expansion about zg gives

y =yp+ T(z0—zp), (4.12)
where )
9Dy

= Sua 0" (4.13)

The row space of 0®/dug € R™*", which has a rank greater than or equal to d v, contains T, (M) since ®
is an immersion. The column space of 3y ~1/9zg € R"*?M, whose rank is exactly dyy, is identically Ty, (M).
Therefore, the rank of T € R"™*M is d 4.

We see this scenario on the left side of Fig. 8. Two nearby states that fall within the same chart domain
U are mapped into ¥V C R%M, yielding manifold coordinates zy and zg. From Eq. (4.12), the points are
separated by

-1
(TTT> T (y—yq) = 20 — zo,
-—_
T+ ’
where T is the pseudoinverse of T and r is the measurement residual.
The loss functional may be written as

1 1
J=5U-y) (y—yo)=5r'r, (4.14)

which is equivalent to Eq. (2.14) up to a constant. Differentiating it with respect to zg gives

0./ _ 1
5, =T (4.15)

Substituting the first-order expansion from Eq. (4.12) yields

oI _ (zo—z9) T'T. (4.16)
aZQ

Note that rank(T " T) = rank(T) = d 4, so the gradient only vanishes when zg = zg. Hence, so long as ® is
an immersion, the only critical point local to the global minimum #y is in fact u itself.

This result establishes a lower bound on the number of measurements required for state estimation. If
the initial guess ug € M is close enough to u to justify the Taylor expansion, then uy — uy € T,,(M) and
the corresponding measurement residual satisfies r € Ty ()). Consequently, gradient based optimization in
this neighborhood is guaranteed to converge to u if T is full rank, which is true when ® is an immersion.
Therefore, m > d \, gives the minimum number of measurements needed for u to be observable. This may
be a practical limit for sequential smoothers or filters, where the initial guess for each segment can become
accurate after several assimilation windows or analysis steps.
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4.3.3 Global behavior
Next, we look into the properties of critical points when #g and uy need not be close. In particular, we show
that u is the only critical point on M. Starting from the gradient of Eq. (4.14) with respect to ug,

37 13D

critical points arise either when y = y, or when the residual lies in the left null space of 0®/dug. The
column space of this Jacobian generically spans R” whenever m < n, so all critical points satisfy y = y,.”
This conclusion holds even if ® is not an immersion or an embedding. Going further, when & is indeed an
embedding, then y = y, can occur only if ug = ug for ug, uy € M since ® : M — Y is a bijection. Therefore,
the only critical point on the manifold is the global minimum.

Recall that @ is generically an embedding when m > 2d 4 + 1 [33]. Consequently, when m satisfies this
bound, one might expect the state estimation problem to be well posed.

Regrettably, we note that the existence of a single critical point at #y on M does not guarantee convergence
to that point via adjoint state estimation. Even when the optimization begins on M, the gradient may have
components orthogonal to Ty, (M), pushing ug off the manifold, where the above analysis no longer holds
and where additional minima may exist. Constraining the optimization to M by projecting g, onto the
local tangent space—where g, = d_# /dug is the state space gradient—which is loosely approximated by
our pseudo-projection procedure, helps to mitigate this issue. However, if g, happens to be in Ny, (M),
then NCN steps counteract pseudo-projection and even a true manifold-constrained (i.e., Riemannian)
optimization would stall. Thus, although u is the only critical point on M when ® is an embedding, the
gradient need not lie within the local tangent space, and specialized optimization strategies may be required
to handle such pathologies.

To show that gradients can in fact point off the manifold, we invoke Whitney’s strong embedding
theorem, which states that the measurement manifold Y = ®(M), of intrinsic dimension dy < d 4, can
be smoothly embedded in a Euclidean space D C R" of dimension d, where for any nonlinear manifold
we have dy < d < min(m,2dy). Here, D represents the minimal Euclidean space that embeds ). The
residual r necessarily lies in D, and because d > dy for a nonlinear manifold, there must exist residuals with
components in the normal space Ny, ()). A visual example of this is provided on the right-hand side of
Fig. 8, where the residual r does not fully reside in Ty, ()’). In such instances, when @ is an immersion or an
embedding, g, necessarily contains components in Ny, (M), as argued next.

For any immersion ®, the restricted mapping

0P
— 2 Ty (M T,
<au9)Tu9(M) 9( ) - yg(y)

is bijective, even though the full mapping between ambient spaces R” — IR need not be. Consequently, the

gradient
ad\ "
gu - (au9> r, (418)

must take any component of r that lies in Ny, ()) to Ny (M), because mapping such a component into
Tu(M) would contradict the bijectivity of 9®/dug restricted to the tangent spaces. Thus, Whitney’s theorem
implies that residuals with normal components exist, and therefore some gradients must point off the IM
when @ is an immersion or an embedding.

While the residual r does not generally lie in N, ()’), there exist points on many manifolds for which this
occurs. For instance, on a circular manifold, the displacement between any pair of antipodal points is normal
to the manifold. We hypothesize that some such configurations could act as attractors in manifold-constrained
optimization, posing a potential but likely uncommon pathology for adjoint state estimation.

5Tt has been shown that one can independently perturb each observation function ; to obtain m linearly independent tangent
vectors oh; /dug [33]. Additional justification is required for cases with m > n.
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4.4 Tangent spaces on M and Y

Even if @ is an embedding, the stability of adjoint state estimation depends on two additional factors: (1) the
numerical conditioning of the measurement map when restricted to the IM and (2) the extent to which
gradients of the loss remain aligned with the manifold. Because both the reference and observer trajectories
lie on M, these effects are governed by the local geometric structure of M and its image ). Up next, we
empirically investigate the condition number of the Jacobian restricted to the tangent spaces of M and
Y. Since good conditioning alone does not prevent the optimizer from drifting off the manifold, we then
quantify how often gradients possess nontrivial components in the normal directions.

4.4.1 Conditioning of 0®/dug restricted to T, (M) — Ty ())

To restrict our analysis of 0®/dug to the mapping between tangent spaces, we must construct a projection
operator that maps R"” — T, (M) for any state u € M. Theoretically, such an operator can be obtained by
differentiating the inverse of a chart with respect to u, since the span of this Jacobian equals T, (M), per
Eg. (4.10). To this end, we first recall the definition of a chart:

z=y(), u=y(2)

Although ¢ and its inverse are not available in closed form, we approximate these mappings using the
encoder E and decoder D introduced in Sec. 2.1 and detailed in Appendix C.

The autoencoder’s latent space £ generally has an oversized dimension, d; > d »4. In order to obtain
a reduced representation that is consistent with the manifold dimension, we perform a PCA on the latent
states from our long-time rollout and retain the first d ,; principal components, storing them in P € R%2*4rm,
as well as the mean latent vector £. Together, these elements define the affine transformation used to
approximate the mappings £ — V and V — L. We express the chart and its inverse as

z~P"[E(u) — €], u~D(Pz+42).

While an atlas of charts is needed to cover M, corresponding to a set of encoders and decoders with one pair
per chart, the manifolds considered in this work are well represented by a single pair of global mappings,
E: M — Land D : £L — M. The method proposed by Floryan and Graham [76] can be employed when
multiple local mappings are required.

Given a differentiable approximation to 1y~ !, we sample u € M from the rollout and compute

oD(Pz+4£) _oyp~!
ou ~ ou
via AD. The Jacobian 0®/0du is also obtained by AD. Applying a QR decomposition to our approximation of
0y~ /du yields an orthonormal basis Q : R" — T, (M) whose columns span the tangent space. We may
therefore restrict the Jacobian to the mapping between tangent spaces as follows:

(4.19)

o0 (0D '
.92 = (au>Tu(M).Tu(M)—>Ty(y), (4.20)

since the null space of QQ " is N, (M). We finally compute the singular value decomposition (SVD) of
(0d/9u) Q to obtain the spectrum of the restricted mapping.°

Figure 9 summarizes the condition numbers obtained from the tangent space mapping for 1000 snapshots
sampled from the long-time rollout in the L = 22 domain. Mean condition numbers are shown as solid
dots, and vertical lines indicate the corresponding ranges. Results are plotted as a function of the number of
measurement times n;, with a separate curve for each number of spatial sensors 1. Although the condition
numbers are large, they remain finite and are well below the inverse of machine precision, indicating that the
mapping from T, (M) to T, () is indeed bijective. This behavior is consistent with the immersion criterion,
whereby & € P™ is generically an immersion if m > d .. However, the large condition numbers imply
poor numerical conditioning and could lead to vanishing gradients. As expected, we see that conditioning
improves with additional spatial and temporal observations, reflecting a more stable mapping between the
IM and measurement space. However, improvements in the condition number level off at large m because it
is bounded from below by the conditioning of the flow map Jacobian restricted to T, (M).

®The operator QQ " could be used to perform a manifold-constrained optimization. We successfully implemented a related approach
with z as the control vector, i.e., by applying AD to the computational graph from z — y. However, since the manifold is not known a
priori for most reconstruction problems, we do not employ such techniques in the present work.
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Figure 9: Mean (dots) and range (vertical lines) of condition numbers for mappings T, (M) — Ty, ()) for the
L = 22 domain. Curves correspond to different numbers of spatial sensors m, and are plotted against the
number of observation times ;. All maps are full rank, consistent with the immersion criterion, and show
improved conditioning with increased spatial and temporal sampling.

4.4.2 Gradient components in T, (M) and N, (M)
Section 4.3.3 shows that reference-observer pairs exist for which g, & Ty, (M ). Moreover, if a direction in
Ny, (Y) intersects Y, then gradients with g, € Ny, (M) can occur. The existence of such cases would prevent
the theoretical global convergence of manifold-constrained optimization, and in practice any component of
the gradient lying in Ny, (M) can push the initial observer state off the manifold. The frequency of these
events, however, is not known a priori.

We estimate this frequency numerically, using the basis Q to project gradients into the local tangent space
and computing the cosine similarity

_ 8.,90Q'g,
g 7
||gu||2 ”QQTguHZ

which is unity when g, € T,,(M) and zero when g, € Ny,(M). We evaluate CS¢ for 20 random initial
conditions in the L = 22 domain, using 1000 random initial guesses for each reference state. Gradients are
computed for the my = 16, m; = 16, and L = 22 case with T = 20. The resulting PDF is plotted in Fig. 10.
The distribution is strongly skewed toward unity, with a mean of 0.78, indicating that gradients are usually
well aligned with the tangent space, although cases with substantial normal components do occur.

4.5 Well posedness of adjoint state estimation

The preceding sections examined key geometric factors that influence adjoint reconstructions. We now shift
to a direct assessment of how state estimation transitions from an ill-posed problem to a well-posed one as the
immersion and embedding criteria are satisfied. These criteria do not determine the behavior of numerical
optimization, per se: rank-deficient Hessians, negative curvature, and vanishing gradients (all analyzed in
the next section) can obscure the observability of the reference system, independent of 4, or the sensor
configuration. Nevertheless, when optimization is stable, embedding criteria should govern the “posedness”
of state estimation, as can be seen through the £* metric. When ¢* is small, many distinct trajectories yield
nearly indistinguishable measurements, so a low loss need not imply an accurate reconstruction. To evaluate
the practical onset of well-posed reconstruction, therefore, we conduct an empirical survey of reconstruction
accuracy and compare these results with the theoretical criteria from Sec. 4.3.

To isolate degree-of-freedom effects from the optimization dynamics, we exclude cases with poor
convergence, i.e., those with a final loss above 10~ (or a mean pointwise error over 3%, roughly). These cases
are limited by failures of optimization rather than the geometric relationship between the IM and its image.
For every (d p(, m) point in our dataset—spanning all the sensor configurations and reference—observer pairs
described in Sec. 3.1—we compute the probability of successful reconstruction conditioned on # < 1073,
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Figure 10: PDF of the cosine similarity between the full gradient and the gradient projected onto the tangent
space of M, quantifying the extent to which optimization directions point off the manifold.

Success is defined by CSy > 0.95. Figure 11 plots these probabilities in the d y4—m plane, along with the
immersion line m = d y, and the embedding line m = 2d y, + 1. Below the immersion line, reconstruction
accuracy collapses to just a few percent. Above the embedding line, the probability approaches unity.
Between these bounds, the probabilities vary smoothly with m, reflecting a dependence on the specific
reference trajectory and initial guess. The structure of Fig. 11 supports the applicability of the immersion
and embedding criteria. An immersion marks the onset of feasible reconstruction, and an embedding marks
the regime in which a low loss reliably corresponds to an accurate reconstruction.
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Figure 11: Summary of embedding quality across domain lengths and normalized measurement counts.
Reconstructions are classified as accurate for CSyy > 0.95. Accuracy is low below the immersion line, high
above the embedding line, and transitions smoothly between them, consistent with theory.

Next, we look at trends in €* and their relation to the embedding criterion to explicate the relationship
between (d 4, m) and p(CSy > 7). For each domain size and sensor configuration, we plot the joint density
p(CSy = 7, #) in the #—7 plane. If a threshold &* € [1071°,1073] exists for T = 0.95 and ¢ = 0.001, it is
indicated by a vertical line. Figure 12 shows these trends for the L = 22 domain, where d y; = 8, using three
configurations spanning m = 4 to m = 32. For m = 4, where ® cannot be an embedding since m < d,
there is essentially no relationship between the probability of accurate reconstruction and the loss; £* does
not exist for such configurations and the reconstruction problem is hopelessly ill posed. As m increases and
eventually exceeds the embedding threshold, a clear correlation between p(CSy) and _# emerges: all the
probability mass for ¢ < &* concentrates near CSyy = 1, indicating uniformly accurate reconstructions.
With m = 32, the ¢* threshold reaches 9 x 10~3.
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Figure 12: Joint PDF p(CSy = 1, # ) for various measurement configurations in the L = 22 domain. Vertical
lines mark &*, which is expected to be large whenever the measurement map is an embedding.

Figure 13 presents the same analysis for the L = 44 domain, for which d, = 18. Here, m = 8 shows
no evidence of an embedding (in contrast with the transitional behavior observed at m = 8 for the L = 22
domain). At m = 16, the relationship is transitional, although the threshold of ¢* ~ 5 x 10~? remains small.
At m = 64, however, the results evince a robust embedding, with ¢* ~ 1072, indicating that adjoint state
estimation is theoretically well posed for such sensor arrangements.
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Figure 13: Joint PDF p(CSy = 7, #) for measurement configurations in the L = 44 domain. Vertical lines
mark £*, which is expected to be large in cases admitting an embedding.

These trends were computed for all domain sizes and sensor configurations and are summarized in
Fig. 14. For each configuration, the figure reports the value of ¢* for T = 0.95 and § = 0.001. If no such &*
exists above 10710, the cell is labeled “DNE.” The cell colors indicate a normalized measurement count,

0, m<dM,

_— m—(dp—1)
M= sy M <m<2dy+1,

1, mZZdM+1r

which equals zero below the immersion criterion, increases linearly between the immersion and embedding
criteria, and saturates at unity thereafter. Larger values of m correlate strongly with larger £*, mirroring the
trends in Fig. 11. Configurations with m = 0, for which & is neither an immersion nor an embedding, either
do not admit a computable value of £* or else yield a trivial value. Once i reaches 1, £* is consistently large,
indicating that ® acts as an embedding and that the state estimation problem is well posed.

5 Optimization dynamics
Numerical optimizations can still fail when & is an embedding, due in large part to degeneracy of the
Hessian, negative curvature, or vanishing gradients. We now analyze optimization-dynamic effects caused
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(my, my) space. Values m = 1 mark guaranteed embeddings, 17 € [0,1) mark immersions (and possible
embeddings), and #1 = 0 cannot support an immersion. Trends in €* are consistent with these classifications.

by these issues and their role in determining whether a theoretically well-posed reconstruction problem is
numerically tractable. To start, we show the ways in which chaotic dynamics cause adjoint state estimation to
fail. We then use analytical and empirical results to demonstrate why the Hessian creates a poorly condition
loss landscape both near optimality and far away from it. These observations motivate our use of NCN,
which leverages curvature information to stabilize adjoint marching. Lastly, we present an upper bound for
the loss reduction from a single NCN step, and we show numerical results that clarify when and why the
optimizer becomes trapped.

5.1 Expressions for the gradient and Hessian of ¢

To frame our discussion of optimization dynamics, we begin by recalling our loss function, which equals

S = ;kZK {fﬁf(ue) - uk} ! M [fﬁt(ue) - uk} (5.1)

up to a constant. We differentiate it to obtain

.
§= 2 8=, (aalg;) Ji My [fﬁt("e) - uk} , (5.2)

ke keK

where £ = {0,...,K} and J; = 8th /dug is the Jacobian of the flow map at time index k. The vector g, is the

contribution to the gradient from time k, and the full gradient g is simply the sum of these “sub-gradients.”

Finally, we note that dug /98 is the inverse discrete Fourier transform, and we have d%ug/ 06> = 0.
Equation (5.2) may be differentiated once more to obtain the Hessian,

aue>T T dug (aue>T L) vy [ek

H= (-~ MiJ | =2+ | = M, |f - _

(89 <k§CIk ka> 50 T\ 30 k;c g k[At(”B) ”k} (5.3)
HGN HC

where H®N is the positive semidefinite Gauss-Newton component and H€ is the second-order term stemming
from the curvature of the flow map. Near optimality, the residuals fﬁt(ug) — uy vanish and the Hessian
reduces to the positive semidefinite component H ~ HN.

5.2 Optimization failure modes in adjoint state estimation

When a reconstruction fails, it is either because & is not an embedding—so that £* is extremely small (or
not computable) and many trajectories of low loss exhibit large error—or because the optimizer fails to
attain a sufficiently low loss. Section 4.5 shows that ¢* increases with m, but €* characterizes the probability
that a low loss yields an accurate reconstruction, not the probability of attaining low loss in the first place.
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It is therefore natural to ask whether the latter probability also increases with m. This would be intuitive,
and results in Sec. 4.3 demonstrate that the conditioning of ® improves with added measurements, which
should increase the likelihood of successful optimization, though this hypothesis must still be verified. We
address this question by comparing the probability of achieving a low loss to that of achieving an accurate
reconstruction. Trends in these probabilities reveal distinct failure modes of adjoint state estimation, which
are explained in the remainder of Sec. 5.

Figure 15 shows the probability of CSy; > 0.95 (solid lines) and 7 < 1073 (dashed lines) for all three
domains L € {22,44,66}. Results are plotted against m — (2d,q + 1), so that x = 0 corresponds to the
embedding criterion for all domains (marked by a red vertical line). Immersion thresholds are shown as
vertical dotted lines that are color-coded by L. To emphasize challenging cases where negative curvature
and departures from M are more likely, we report results for cases with an initial distance in D;; € [0.8, 1].
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Figure 15: Probabilities of achieving high accuracy (CSy > 0.95, solid lines) and low loss (_# < 10~3, dashed
lines) plotted against m — (dy + 1) for L € {22,44,66}. Vertical lines show the embedding (x = 0) and
immersion thresholds. All cases use far-off initial conditions with D;; € [0.8,1].

The trends in Fig. 15 are consistent across all three domains. The probability of accurate reconstruction
(taken as CSyy > 0.95) begins near zero and increases with m, whereas the probability of achieving a low loss
exhibits a “U” shape: initially high, dipping to a minimum between the immersion and embedding lines,
and rising again thereafter.

The initial drop in p(_# < 1073) occurs because, when @ is not an embedding and m is very low,
adding measurements eliminates spurious minima from the loss landscape, making cases of low loss
rarer. As m continues to increase and crosses the immersion and embedding thresholds, the loss and
accuracy curves converge, and low loss becomes a reliable indicator of accurate reconstructions thereafter
(i.e., €" increases). Two effects drive this transition. First, ¢* rises with increasing m because observation
vectors y from different states on M become more distinct, making accurate reconstructions more likely,
even at moderate loss levels. Second, the probability of attaining low loss itself increases because further
measurements improve the conditioning of the optimization problem. In short, accuracy gains at low m are
due to degree-of-freedom effects that govern the mapping from M to ), whereas gains at high m come from
better optimizer performance. Still, the absolute probability p(_# < 10~3) remains low for large-L domains,
even at high m, which underscores the need to understand why optimizations fail in the embedding regime.

5.3 Condition and curvature of the loss landscape near optimality

Equations (5.2) and (5.3) reveal how the flow map Jacobian J; (defined by duy = Jidup) affects gradients
and curvature of the loss landscape. The singular values of J are directly determined by the Lyapunov
spectrum, i.e., the ith singular value scales as ¢; ~ elikdt , where /; is the ith Lyapunov exponent [77]. As the
assimilation window becomes longer, |, becomes severely ill-conditioned: it quickly becomes singular and
its nullity grows steadily with T. Figure 16 illustrates this behavior via normalized singular value spectra of
Ji for time horizons of increasing duration, averaged over 1000 initial conditions for the L = 22 domain.
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Figure 16: Normalized singular value spectra of J; averaged over 1000 initial conditions from the L = 22
dataset. Line color shows the time horizon T € [1,20].

The rapid divergence of J;’s singular values creates a fundamental trade-off in adjoint state estimation.
Increasing T initially reduces redundancy among measurements and increases ¢*, but the exponential
amplification of perturbations progressively weakens the numerical link between early measurements and
later ones. Beyond the Lyapunov time, this amplification dominates and the state estimation problem
becomes badly ill-posed. A second complication arises from the unweighted MSE loss: because the operator
norm ||J¢||5 grows exponentially with k, later measurements have a disproportionate influence on the
gradient, causing the optimizer to match observations at the end of the assimilation window first, as
observed in prior studies on adjoint-variational state estimation [48, 49]. Consequently, extending the
window beyond T, even when adding more measurements, can hinder optimization, since numerical errors
accumulate, gradients with respect to u#y become unreliable, and corrupted gradient components from later
times dominate the step direction.

IlI-conditioning of J; also manifests in the curvature of the loss. Near optimality, the Hessian is dominated
by HN, whose rank is at most m. Because HN depends quadratically on J, any ill-conditioning in Jj is
inherited by and amplified in the Hessian. In practice, the rank of H is usually less than m; in cases where it
manages to attain rank m, its effective condition number (excluding the null space) remains extremely large.
These features can slow or stall the optimizer near critical points and can limit the observability of ug, even
when the initial guess lies arbitrarily close to it.

5.4 Curvature of the loss landscape away from optimality

The previous section shows that for the KS systems of interest, the flow map Jacobian guarantees that H has
null eigenvalues at optimality, even for short assimilation windows, thereby limiting observability. We now
turn to the prevalence of negative eigenvalues away from optimality, which indicate directions of negative
curvature. We show that they are ubiquitous in regions of moderate loss. To do this, we first develop a
mathematical intuition for why negative eigenvalues arise, and we then present numerical evidence to
support this result.

Far from optimality, H® becomes important in Eq. (5.3). Because the residual f§, (#g) — 1y has no preferred
sign, H® is indefinite in expectation and possesses both positive and negative eigenvalues. Meanwhile, HN
has a nontrivial null space due to singularity of the flow map Jacobian and the sparsity of observations, with
a nullity that almost always exceeds n — m when m < n (as is always the case in practical state estimation
problems). To understand how HN and H® contribute to the eigenvalues of H, let A;(-) denote the ith
ordered eigenvalue, with A1 > --- > A,,. Weyl’s inequality provides tight bounds on the eigenvalues of a
sum of symmetric matrices. Applied to H°N and HS, it yields

Ai(HN) + Ay (HS) < A;(HN 4 HS) < A (HOY) + A (HC) . (5.4)

For many indices i, the Gauss-Newton term satisfies A;(H®N) &~ 0. Substituting such an index into the
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inequality gives
A (HON + HY) = \;(H) € [A,(HC), Ay (HO)], (5.5)

Since A, (HS) < 0 < A1(H®), where Aq and A,, are comparable in expected magnitude, Eq. (5.5) implies that
the corresponding A;(H) will take both positive and negative values. Consequently, away from optimality,
where the residual is non-zero and often large, negative eigenvalues of H arise with high probability and are
expected to be prevalent.

Figure 17 provides empirical evidence for this claim. It shows the probability of H containing at least
one negative eigenvalue below —1078, conditioned on the loss, for the L = 22 dataset under two sensor
configurations: m, = 2 and m; = 2 and m, = 8 and m; = 8. From this plot, we see that the loss landscape
almost always exhibits negative curvature in regions of moderate loss. All remaining sensor configurations
across all domain sizes display the same qualitative behavior. Taken together with the severe ill-conditioning
of H, these observations motivate our use of the NCN optimizer.
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Figure 17: Probability that the terminal Hessian has a negative eigenvalue of magnitude exceeding 108 for
the L = 22 dataset. Left: my = 2 and m; = 2. Right: m, = 8 and m; = 8.

5.5 When does NCN optimization stall?

Up to this point, we have established several favorable properties of adjoint state estimation: when ® is an
immersion, local reconstruction is well posed; when it is an embedding, the global optimum is the only critical
point on M; negative curvature is effectively handled by NCN steps; and pseudo-projection suppresses
gradient components that point off M, thereby stabilizing the optimization. Still, NCN optimization with
pseudo-projection can proceed very slowly when g'|H| !¢ is orders of magnitude smaller than ¢. To
explain why, we present an upper bound on the reduction in _¢# produced by a single NCN step.

The upper bound in question begins with a Taylor expansion of the loss increment:

1 M
S (Oe1) < 7 (00) +8" (Oer — 0) + 5 (B — 6c) " H (611 — 0) + o 1Bk —Oill2, (56)
where M is the Lipschitz constant of H. Substituting the NCN step 6, = 0, — n|H| g yields
_ 1 _ _ M _
S (Br1) — 7 (6) < — g |H| g + 50’8 " [HI T HIH|""g + < [|n|H| g3 (5.7)
w—/

first-order term

second-order term correction term

Here, first and second order indicates the origin of these terms in the Taylor series. The eigenvectors of
|H|~'H|H|~! are the same as those of H, and the eigenvalues are similar. Specifically, they are

Ai(1H ) = {W"(H)' e (5.8)

Ai(H) /82, A(HY) <6
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Since |H|~! is positive definite, the first-order term in Eq. (5.7) always acts to decrease the loss so long as
g # 0 and the step size 7 is sufficiently small. However, the magnitude of the reduction is governed by that
of g"|H|~'g, which must be comparable to _# to ensure meaningful progress. The second-order term can
also reduce the loss, but only when g aligns with directions of negative curvature. If |g||, is small relative to
the loss, progress becomes extremely slow unless the gradient happens to point along very flat or negatively
curved directions of the loss landscape.

We now present evidence that the optimizer does not become trapped in local minima. If it were getting
stuck at true critical points, we would expect little or no correlation between the loss and the gradient
norm; a plot of ||g||> versus _# would show no discernible trend. Instead, Fig. 18, which plots the gradient
norm versus the loss for all cases at L = 22 with the m, = 2 and m; = 2 and m, = 8 and m; = 8 sensor
configurations, shows a strong, nearly linear relationship on a log-log scale. Across all sensor configurations
and domain lengths tested, the minimum correlation between log(_# ) and log(||g||2) is 0.84. This behavior
is consistent with a power-law relation of the form ||g|l» ~ _#*, where a is a constant. Given this strong
correlation, we do not attribute stalled convergence to local minima. Instead, we believe the limiting factor is
the regime in which g¢" |[H|"'g < ¢, as illustrated in Fig. 19. This figure uses the same cases as Fig. 18, but
the y-axis is replaced by g " |H|~'g. For the overwhelming majority of points, we observe that g |H| 1g is
less than _¢# (6 ), and for cases of high loss, it falls orders of magnitude below _¢#. Finally, we note that the
results in Figs. 18 and 19 were essentially unchanged after an additional 650 NCN iterations, confirming that
the optimizations in these figures are converged.
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Figure 18: Gradient norm versus optimization loss for L = 22. Left: cases with m, = 2 and m; = 2. Right:
cases with m, = 8 and m; = 8.

To illustrate these ideas, we examine the optimizer’s behavior for a failed case with my, =4, m; =4, L =
22. The left panel of Fig. 20 shows the loss together with the magnitudes of g, |H|~!g, and g |H|"!g as
functions of iteration. The loss barely decreases because ||g||» is several orders of magnitude smaller than _#,
which in turn forces the quadratic term to be even smaller still. A plausible explanation for why the gradient
becomes so small relative to the loss is the presence of conflicting sub-gradients. That is, contributions
g from different observation times remain large at the end of the optimization, but they almost perfectly
cancel out in aggregate. The right panel of Fig. 20 illustrates this effect for the same case shown on the left;
sub-gradients from all four observation times at the final iteration are mapped into state space and plotted.
Although magnitudes of the individual curves are substantial, their sum, corresponding to the ||g||> curve in
the left panel (multiplied by / for the conversion to state space), is nearly zero.

Motivated by this observation, we note that minimizing measurement residuals at different times can
be viewed as a multi-task optimization problem in which sub-gradients may conflict with one another.
This perspective suggests that techniques from multi-task learning, such as dynamic loss weighting [78] or
gradient-conflict resolution [79], could improve the global behavior of optimizers in adjoint state estimation.

29 of 41



_k
Qe
T
1
T
1

—

Q
o
T

Configuration
2 spatial sensors

Configuration
8 spatial sensors

Hessian-Weighted Norm
3
r

102

2 measurement times | 8 measurement times
1020 ] ] ] ] ] S ] ] ] ] ] ]
1022 10%5102" 10171018 10° 10° 10" 10201021021 1077 10" 10° 10 107
Loss Loss

Figure 19: Hessian-weighted gradient norm, g " |H|~!g, versus loss for L = 22. Left: cases with m, = 2 and
m; = 2. Right: cases with m, = 8 and m; = 8.
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Figure 20: Representative optimization failure caused by vanishing gradients for a case from the L = 22
domain. Left: gradient norm ||g||,, step || |[H|~'g||2, and Hessian-weighted norm g " |H|~'g versus iteration.
The gradient is several orders of magnitude smaller than the loss, stalling progress. Right: sub-gradients at
the final iteration visualized in state space; they nearly cancel when summed to produce the full gradient g.

6 Conclusions and outlook

Adjoint state estimation provides a powerful framework for combining simulations and experiments to
reconstruct high-fidelity trajectories of a dynamical system that are anchored to real-world observations.
However, the number of measurements required for accurate reconstruction of a chaotic system is not
known a priori. We address that gap using tools from dynamical systems and embedding theory. For a
dissipative system whose attractor lies on an inertial manifold M of dimension d 5, we show that m > d
measurements are sufficient for local observability from an arbitrarily good initial guess, and m > 2d ,( + 1
are required for global observability on M. These classical bounds determine whether the observation
map @ is an immersion or an embedding, respectively, guaranteeing the local or global existence of ®~1.
While such criteria are well established in the literature on state space reconstruction, we demonstrate their
applicability to adjoint state estimation by translating the existence and conditioning of ®~! into geometric
conditions for a well-posed reconstruction problem.

Specifically, we show that when @ is an embedding, the global optimum is the only critical point of the
loss on M. Moreover, the induced geometry is well conditioned, such that similar measurements correspond
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to nearby states and dissimilar measurements to distant states. These theoretical results are validated through
extensive simulations of Kuramoto-Sivashinsky systems in domains of length 22, 44, and 66. In general,
when the embedding criterion is satisfied, adjoint state estimation becomes well posed and reconstruction
accuracy improves steadily with increasing m.

Despite these guarantees, embedding theory alone does not determine practical limits on observability.
Even when @ is an embedding, the loss landscape can remain severely ill conditioned due to singularity of
the flow map Jacobian and sparsity of the sensor configuration. As a result, trajectories may be theoretically
observable yet difficult to recover by numerical means. Two key challenges are identified. First, gradients
can have large components normal to M, causing iterates in an optimization to drift off the manifold,
at which point guarantees from embedding theory no longer apply. To counteract this, we introduce a
pseudo-projection step that periodically pulls the estimate back toward M, helping to stabilize adjoint
marching. Second, the Hessian is degenerate at optimality and becomes indefinite away from it. Indeed,
directions of negative curvature are nearly ubiquitous in the loss landscape at moderate loss levels. These
pathological features undermine first-order, Newton, and quasi-Newton methods alike. To address this,
we employ a “non-convex Newton” technique that explicitly handles negative curvature while preserving
descent directions for indefinite Hessians. When combined with pseudo-projection, NCN enables robust
state estimation once the embedding criterion is satisfied.

Nevertheless, optimization can still stall when the gradient norm becomes much smaller than the loss.
We attribute this behavior to destructive interference among sub-gradients from different observation times.
This effect accounts for all failures we examined in the embedding regime. Future work will address this
limitation by incorporating ideas from multi-task learning, and we will pursue extensions of the present
framework to account for measurement noise and operator error, enable its application to higher-dimensional
systems, and handle non-stationary measurement operators.

Appendix A Numerical simulation

A.1 Pseudo-spectral scheme with exponential time-differencing

The hyper-diffusion term in the KS equation causes Fourier coefficients associated with high-wavenumber
modes to have large values of dii;/dt, leading to rapid transients. The characteristic time scale of the jth
Fourier mode scales as O(j~*) for large j, whereas low-wavenumber modes evolve much more slowly.
Differential equations that exhibit such a wide separation of scales are deemed to be “stiff,” and stiffness
poses major challenges for classical explicit time-stepping schemes.

Explicit integrators require a time step that is small enough to stabilize the fastest modes, but simulations
must run for long enough to resolve the slow dynamics of low-frequency modes. This combination of
small At and long integration times leads to a high computational cost. To overcome this issue, we employ
exponential time-differencing, which analytically integrates the stiff linear terms in the KS equation and
numerically integrates the nonlinear term [80-82]. This approach enables large time steps and long-time
integrations without compromising stability.

To start, we discretize the periodic spatial domain [—L/2, L/2] into n uniformly spaced points,

u(t) = [u(=L/2,t),...,u(L/2 — Ax,t)], (A1)
where Ax = L/n. The semi-discrete KS equation is written as
%‘t‘ — (D + D) u— %Du)uoz, (A2)

with D) being the ith-order discrete derivative operator and (-)°? the element-wise square.
Applying the discrete Fourier transform

i =F(u)
yields the KS equation in Fourier space,
o (@ @) . law /o
g——(D +D )u—ED F(u ) (A3)

~ (i) . I . . . .
where D" are diagonal derivative operators in Fourier space with entries

DY = (ik;)".
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Here, i is the imaginary unit, k; = 271j' / L are wavenumbers, and j' is the signed mode index,

v _ ) 0<j<n/2
/ j—n, n/2<j<n.

We next define the linear and nonlinear terms,

c=-bD"-D", (A.4a)
- s
N(u) = =D F(u ) , (A.4b)

and we apply the one-third dealiasing rule by zeroing out all modes for which |j/| > n/3 when evaluating
the nonlinear term. With these elements in hand, the KS equation becomes
o1l

5 = Cii+N(u). (A.5)

Multiplying both sides by e~ ¢* gives

Z—L;e_a — Ciie % = N(u)e .

We rearrange this as
d( —ctz) _ —Ct
3 (e u) =N(u)e *,

and integrate it from t;_; to ty, where the solver time step is Af =ty — tx_1,

tr
i) e — ity ) e S = [ N[u(t)]eCtdt,
te—1

At
i(t) e —ai(t_q) et = e~ Chi / Nfu(te_1 +7)] e T dr.
0
Multiplying by et results in the final expression,
At
W(t) = i(ty_1) €O 1 OO / N[ut(ty_q +7)] e~ € dr. (A.6)
JO

Various numerical schemes can be used to approximate the integral. We employ the fourth-order exponential
time-differencing Runge-Kutta method of Cox and Matthews [44].

A.2 Solver validation

Long-time KS trajectories exhibit predominantly low-frequency content, so only a modest number of spatial
nodes are required for accurate simulation. In the literature, Linot et al. [37] used 64 nodes for L € {22,44, 66},
while Cvitanovi¢ [45] used 32 nodes for L = 22. In our numerical experiments, we adopt 64 nodes for
L € {22,44} and 72 nodes for L = 66. Figure 21 plots the average Fourier-coefficient magnitude versus
mode number (left) and versus wavenumber (right) using snapshots from our dataset. These spectra confirm
that the chosen spatial resolutions are sufficient to resolve the dynamically relevant frequency content of
long-time solutions to the KS equation. In particular, the dominant energy lies at wavenumbers between 0
and 1, with a peak near ki, as predicted from Eq. (2.4).

Our main requirement is that the asymptotic statistical properties of our numerical solutions match those
of the true dynamics. To evaluate this, Fig. 22 shows the Kaplan—Yorke dimension dxy computed with our
solver for L € {22,44,66} as a function of time step. The attractor dimension is nearly invariant with respect
to At, indicating that the solver is stable and statistically consistent across a wide range of time steps. Edson
et al. [35] report dxy = 5.198 for L = 22. Using time steps At € {0.01,0.1,0.5}, our solver yields values of
~5.23, in close agreement with Edson and co. Our solver also reproduces the expected linear growth of
dxy with L, as reported in [35]. These comparisons support our supposition that our solver resolves the
long-time statistics well. To balance computational cost and accuracy, we use At = 0.1 for L € {22,44} and
At = 0.05 for L = 66. Finally, we note that trajectories produced by our solver yield correct estimates of the
IM dimension, per Fig. 2, further validating the fidelity of our scheme.
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Appendix B Lyapunov spectra

We use the algorithm of Benettin et al. [46] to compute the Lyapunov spectrum for the KS equation (see also
Sandri [83]). The method begins with a set of orthonormal tangent vectors Q. They are advanced forward
in time by k steps using the variational equation

Vi = Q) (B.1)

where J; is the flow map Jacobian for k time units of advancement. A QR decomposition is applied,
Vi =0 +1RY, and the process is repeated with Q;;1- We perform K iterations of this cycle. The ith
Lyapunov exponent ¢;, which measures the average exponential growth rate of the ith most unstable tangent
direction, is computed as

l ;g%M), 62)

where Rg) is the ith diagonal entry of R” and T = KkAt is the integration time. Periodic application of the
QR decomposition is essential to prevent the tangent vectors from collapsing onto the dominant mode of
J . Figure 23 shows Lyapunov spectra that we computed for L € {22,44,66}, using a total time horizon of
T =5 x 10° and performing QR decomposition every 2 time units, i.e., k = 2/At.
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with reorthogonalization every 2 time units.

Appendix C Autoencoder architecture and training

An autoencoder is a neural network composed of an encoder E : M — £, which for us maps discrete
states on the IM, u € M C R”, into a lower-dimensional latent space £, and a decoder D : £ — M, which
approximates the inverse of E. Their composition, A = D o E, is trained to approximate the identity on M
such that all information in u is preserved when compressed into the latent representation. Parameters of
the autoencoder are learned by minimizing the loss

K
7 = g L I~ DIEG] IR, 1)
=1

where u; are the training samples. For each domain, these samples are drawn from the corresponding
long-time rollout described in Sec. 3.1, and the networks are trained for 2000 epochs using the Adam
optimizer.

The autoencoders used in this work comprise a sequence of fully connected layers. In addition, at the
end of the encoder, we append a “linear block” composed of several fully connected linear layers, each with
an output dimension equal to the latent dimension and with no biases or activation functions. This block
encourages a latent space of low-rank [39, 84]. The architectures employed for each domain are summarized
in Table 2, where 7 is the dimension of the state space and d is the latent dimension. We set d to 20 for
L = 22,1030 for L = 44, and to 50 for L = 66, although the results are insensitive to this hyperparameter.

In order to use the autoencoder for inference and to estimate d ,(, we perform a PCA in the latent space.
First, we approximate the mean latent space vector as

K
0= % Y E(uy). (C2)
k=1

We then construct the centered data matrix
X = [E(ug) — %, ..., E(ug) — €] (C.3)

and compute its SVD. The number of nontrivial singular values provides an estimate of 4 . During inference,
we restrict the latent representation to the dominant subspace by projecting out directions associated with
negligible singular values. To do so we build a matrix P € R%2*9M using the leading d ( left singular
vectors of X. The reduced latent coordinate is obtained as

z=P' [E(u) — 1], (C.4)

with approximate inverse
u=D(Pz+2). (C5)
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Table 2: Autoencoder architecture. Here, n denotes the dimension of the state space, and d, denotes the
dimension of the latent space, set to 20 for L = 22, 30 for L = 44, and 50 for L = 66.

Component Input Dim. — Output Dim. Activation Bias

n — 512 Swish Yes

Encoder 512 — 320 Swish Yes
320 = dp No Yes

Linear Block de = de No No
dﬁ — d/; No No

dr — 320 Swish Yes

Decoder 320 — 512 Swish Yes
512 -+ n No Yes

Appendix D Discrete adjoint systems

In our adjoint state estimation problem, we seek to minimize the objective

K
I =) Mi(ugpm), (D.1)
=0

where each term measures the discrepancy between the observer trajectory and the true trajectory at time
index k,

1 T
My (g, i) = — (nox —ux) Mi(ug) —up), (D.2)
and M; € R"*" is a diagonal binary matrix selecting the measurement positions at measurement times. The
observer trajectory is constrained by the discrete KS dynamics,
ugjr1 = far(u))- (D.3)

We solve this constrained minimization problem by introducing a Lagrangian that enforces the dynamics
and deriving the associated adjoint equations. Below, we present the resulting systems for computing the
gradient and Hessian of the loss.

D.1 Adjoint system for the gradient

We denote by <7 the discrete initial condition and dynamical constraints,

K—1
o = uf (ug— ) + Y. uf . [ueri1 — far(uox)), (D.4)

initial condition

system dynamics

where the adjoint variables u] are Lagrange multipliers, arranged as row vectors, and B is the design
parameter which determines the initial state, #g = B. The Lagrangian is built as

L= 7—-d. (D.5)
Substituting ¢ and <7, we get
K ) LS
L =Y My (ugp, ur) —ug (ug— B) — Y, up i (o1 — Far(tgr)] - (D.6)
k=0 k=0
This is rearranged to obtain
+ § 0
& = Mg(ugx, ux) —uj(ug—p) — Y [”k+1(”6,k+1 —far(uex)) — My (g, uk)} : (D.7)
k=0
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Because the dynamics are enforced during the simulation, the system constraint in .27 is always satisfied, i.e.,
o =0, (D.8)

and hence

L= 7. (D.9)
Differentiating . with respect to B gives

(D.10)

az - E)MK BuQ,K +u+ _Kil |:u.[. (E)ug,kﬂ _ afAt 8u9,k> _ E)Mk aug,k:|
0B dugx 9P 0 = k+1 0B dug, 0B dugr 0B |

Pulling u® (dug x /9B) out of the summation, we get

0.L 4 <a|v|K +> dugr < v 4 Ofa aMk> Oug i
— =uy+ | =— —uy | —— — u, —u — =y D.11
0B 0" \Ougx X) 9B k§0 kT g, Ougy) 0B (D-11)

where
dugp  Odugg Ougx—1  Ougg

aﬁ o aung_l auglk_z o aﬁ ’
Unfortunately, direct computation of dug/df € R"*" is prohibitively expensive. Since &/ = 0 for all

choices of the adjoint variables, we may select a sequence of u} that annihilates the bracketed coefficients in
Eq. (D.11). This yields the discrete adjoint recursion

(D.12)

t_ o+ Ougpp1  OMg

uk = uk+] aua/k au@/k, (D13a)
fork=K-—1,...,0, with terminal condition
oM
by k
= D.1
Ug K EI (D.13b)
Finally, because ugo = B, we end up with
07 J0ZL
Gve " g ul. (D.14)

D.2 Adjoint system for the Hessian

Second-order adjoints are commonly used to compute Hessian—vector products, but the modest dimension
of the KS systems considered in this work allows us to form full Hessians. To derive an adjoint system for
this purpose, we start by differentiating the transpose of Eq. (D.11) with respect to B:

Ry owih) L9 (&)ug/K)T <a|v|K _u+>T N (aue,K>T PMg dugx  I(ul")
P2 B 9B\ 0B dugg K B

g, B 0P
0 (uge\ ' (¢ ¢ Ofa M\ T
- Z ai p) U — uk+1a - J
= 9B \ 9B ugr Ougy

_Kf <a”9k>T ouf™) [ 2 (afm )T dugs v7 _ <8fAt >T Aull)  PMy ugy
i=o \ 9B 9B dugj \ Ot o 1\ dugy B 2, 0P

(D.15)
After substituting ug = B and ug 1 = fas(1gx), we get our second-order adjoint system:
A(uy ") _ |9 (Ui | Qug utT dugrir ) O] n O* My Jug g (D.16a)
Jug Jugy \ Ougy Jug Kt1 Jug i Jug oul, Ooug’ ’
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fork=K-—1,...,0, with terminal condition

A(up ) _ 02M dug k

= D.16b
dug au%,K Jdug ( )
This adjoint system provides the Hessian via
2 2 o(utT
*CJ Pz o ) (D.17)

aug aug aug
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